
Wlp h0vhulhv iruhfdvwlqj z lwk d qrq0olqhdup r ghodqg wkh vfdwwhu
vhdufk p hwd0khxulvwlf

Fduor v J r p hv gd VloydE• c2�

+4, Hvf r od Vxshulr u gh Whf qr or j ld h J hvwær gh Ohluld
P r uur gr Ohqd/ Dowr Ylhlur / 57340<84 Ohluld/ Sr uwxj do

Skr qh= . 684 577 ; 53 633/ I d{ = . 684 577 ; 53 643
H0p dlo= f j vloydChvwj 1lsohluld1sw

+5, LQHVF0Fr lp eud
Uxd Dqwhur gh T xhqwdo/ 4<<
63330366 Fr lp eud/ Sr uwxj do

Skr qh= . 684 56< ; 84 373/ I d{ = . 684 56< ; 57 9<5

P dufk 6/ 533:

Devwudf w

I r uhf dvwlqj wkh ehkdylr xur i hf r qr p lf / � qdqf ldo/ sk| vlf / 111 yduldeohv lv r i vwudwhj lf ydoxh
ir u r uj dql}dwlr qv/ vxvwdlqlqj wkh sudf wlf dolqwhuhvwlq wkh ghyhor sp hqwr i dowhuqdwlyh p r ghov
dqg uhvr oxwlr q sur f hgxuhv1 Lq wklv sdshu d qr q0olqhdu p r gholv suhvhqwhg f r p elqlqj udgldo
edvlv ixqf wlr qv dqg wkh DUP D+s/t , vwuxf wxuh1 Wkh r swlp dovhwr i sdudp hwhuv ir u vxf k d
p r gholv gl! f xowwr � qg1 Wkh vf dwwhuvhduf k p hwd0khxulvwlf iudp hz r un lv ghyhor shg z lwk wklv
dlp 1 Wkh j dv ixuqdf h/ wkh h{ fkdqj h udwh Hxur 2XVG dqg wkh P dfnh| 0j odvv f kdr wlf wlp h0vhulhv
duh xvhg wr dvvhvv dqg looxvwudwh wkh dght xdf | r i wkh sur sr vhg dssur df k1

N h| 0Z r ugv= I r uhf dvw/ qr q0olqhdu p r ghov/ DUP D/ Vf dwwhu Vhduf k/ P hwd0khxulvwlf v
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4 Lqwur gx f wlr q

P xfk r i wkh sodqqlqj df wlylwlhv uht xluh ir uhf dvwlqj wkh ehkdylr xu r i hf r qr p lf / � qdqf ldo/ sk| vlf /
111 yduldeohv1 Wkhvh ir uhf dvwv vxssr uwp dq| vwudwhj lf ghf lvlr qv lq wkh r uj dql}dwlr qv +P dnulgdnlv/
4<<9, / vxvwdlqlqj wkh sudf wlf do lqwhuhvwr i ir uhf dvwlqj p hwkr gv1 Vhyhudo p hwkr gv er wk f dxvdo
dqg qr q0f dxvdor qhv kdyh ehhq sur sr vhg wr ir uhf dvwwkr vh yduldeohv1 Wkh f dxvdop hwkr gv wu|
wr h{ sodlq r qh yduldeoh lq whup v r i d vhwr i r wkhu yduldeohv1 Wkh qr q0f dxvdop hwkr gv uho| r q
wkh vwxg| r i wkh klvwr ulf ydoxhv r i d yduldeoh lq r ughu wr ir uhf dvwwkhlu ixwxuh ydoxh +wlp h0vhulhv
p hwkr gv,1

Wlp h0vhulhv p hwkr gv duh r i lqwhuhvw/ qdp ho| / z khq wkhuh lv qr p xf k lqir up dwlr q der xwwkh
j hqhudwlr q sur f hvv r i wkh xqghuo| lqj yduldeoh dqg z khq wkhuh lv qr f ohdu h{ sodqdwr u| f dsdf lw|
iur p r wkhu yduldeohv +] kdqj / 5336,1 Wlp h0vhulhv duh z lgho| p r ghoohg xvlqj wkh p rylqj dyhudj h
p hwkr gv/ h{ sr qhqwldovp r r wklqj sur f hvvhv/ DULP D +dxwr uhj uhvvlyh lqwhj udwhg p rylqj dyhudj h,1
Wkhvh p hwkr gv dvvxp h olqhdu uhodwlr qvklsv dp r qj wkh sdvwydoxhv r i wkh ir uhf dvwhg yduldeoh1
Ghvslwh wkh olqhdudvvxp swlr q p dnh hdvlhu wkh p dwkhp dwlf dop dqlsxodwlr q r i wkh p r ghov/ lwf dq
ohdg wr lqdght xdwhuhsuhvhqwdwlr qvr i p dq| uhdo0z r uog sdwwhuqvz khuhqr q0olqhduuhodwlr qvklsvduh
suhvhqw1 Lwlv dovr sr lqwhg r xwwkdwxvlqj qr q0olqhdulwlhv f dq eh xvhixowr uh hf wdeuxswfkdqj hv
lq wkh uhdo gdwd1 \ hw/ lqf r usr udwlqj qr q0olqhdulwlhv lq wkh p r ghov f dq ohdg wr yhu| gl! f xow
p dwkhp dwlf do sur eohp v/ z khuh wkh h{ df wvhwr i sdudp hwhuv lv qr wnqrz q1 Vshf l� f qr qolqhdu
sdwwhuqv duh wdnhq lqwr df f r xqwe| WDU +wkuhvkr og dxwr uhj uhvvlyh, dqg DUFK +dxwr uhj uhvvlyh
f r qglwlr qdokhwhur f hgdvwlf , p r ghov +] kdqj / 5336,1

Wkh dssolf dwlr q r i dowhuqdwlyh uhvr oxwlr q p hwkr gv +dssur { lp dwh p hwkr gv, f dq hqdeoh wkh
xvh r i p r uh dght xdwhg p r ghov1 Lqghhg/ vhyhudodxwkr uv duh � qglqj j r r g uhvxowv z lwk wklv ds0
sur df k= Fkhq hwdo1 +5338,/ Nlp dqg Nlp +4<: : , / Vkhwd dqg Gh Mr qj +5334,/ Vdoxvwrz lf } dqg
Vfkp lgkxehu+4<<: , dqg ] kdqj +5336,/ ir ulqvwdqf h1D f r p sdulvr q r i qhxudo0qhwz r un ir uhf dvwlqj
dssolf dwlr qv z lwk wkh f odvvlf doDUP D+s/t , vwuxf wxuhv f dq eh ir xqg lq Kz duqj +5334,1

Lq wklv sdshu lwlv lqyhvwlj dwhg wkh sr whqwldolw| r i d qr q0olqhdu p r gho/ z lwk wkh sdudp hwhuv
hvwlp dwhg e| wkh vf dwwhu vhdufk p hwd0khxulvwlf / wr ir uhf dvwd j lyhq wlp h0vhulhv1 Wklv p r gho lv
edvhg r q wkh olqhdu DUP D+s/t , p r gho/ z klf k kdv wkh ir oorz lqj p dwkhp dwlf doh{ suhvvlr q=

\ +w, @z f .
R[

� ' •

z � \ +w� l , .
Rn ^[

� ' Rn •

z � x+w� l , . x +w, >w@s . 4>===>q +4,

z khuh \ +w, lv wkh ydoxh/ lq shulr g w>r i yduldeoh \ wr eh ir uhf dvwhg>z � +l @3>===>s . t , duh
sdudp hwhuv r i wkh p r gho/ x +w, lv wkh huur u whup dqg q lv wkh qxp ehu r i dydlodeoh2xvhg shulr gv
r i wlp h1

Wkh qr q0olqhdu gh� qhg p r ghoQDUP D+s/t /o, lv wkxv=

\ +w, @� f .
,[

� ' •

� � k �

3

C z f .
R[

� ' •

z � \ +w� l , .
Rn ^[

� ' Rn •

z � x+w� l ,

4

D . x +w, >w@s . 4>===>q +5,

z khuh k � +{ , lv d qr q0olqhdu ixqf wlr q/ z lwk { ehlqj dq lqsxwyhf wr u/ dqg +s/t /o, lv wkh r ughu r i
wkh p r gho1
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Wkh QDUP D+s/t /o, p r ghoxvhv oqr q0olqhdu ixqf wlr qv wr wudqvir up wkh DUP D+s/t , r xwsxw/
dqg wkhq \ +w, lv dssur { lp dwhg e| d olqhdu f r p elqdwlr q r i wkr vh wudqvir up dwlr qv1 Wklv p r gholv
dovr uhodwhg z lwk wkh udgldoedvlv ixqf wlr qv p r ghov +Ohqgdvvh hwdo1/ 5333>Vkhwd dqg Gh Mr qj /
5334, z klf k kdyh wkh dssur d{ lp dwlr q sur shuw| / surylghg wkdwd oduj h qxp ehu r i udgldo edvlv
ixqf wlr qv duh xvhg1

Lq wkh h{ shulp hqwv suhvhqwhg lq Vhf wlr q 6/ wz r qr q0olqhdu ixqf wlr qv duh hydoxdwhg=

k � +{ , @h{ s

#

�
�

{ � f �

u�

� 2
$

+6,

k � +{ , @
4

4 . h{ s +� { ,
+7,

Wkh � uvwixqf wlr q lv d J dxvvldq ixqf wlr q xvxdoo| xvhg lq wkh qhxudoqhwz r unv vwxglhv +Z hgglj
dqg Flr v/ 4<<9>Ohqgdvvh hwdo1/ 5333>Vkhwd dqg Gh Mr qj / 5334>Fkhq hwdo1 5338/ ir u h{ dp soh,1
Wkh vhf r qg ixqf wlr q lv d or j lvwlf ixqf wlr q/ dqg lwv dssolf dwlr q lv f r qvlghuhg/ ir u h{ dp soh/ lq
] kdqj +5336, exwlv ohvv xvhg1

Ohwz @+z f >z • >===>z R>z Rn • >===>z Rn ^, >� @ +� f >� • >===>� ,, >f @+f • >===>f ,, >u @+u• >===>u,,
eh wkh sdudp hwhuv wr eh hvwlp dwhg/ uhsuhvhqwhg lq d f r p sdf wir up e| [ � +z >� >f >u, =Khqf h
lq wkh QDUP D+s/t /o, p r ghodqg xvlqj d J dxvvldq ixqf wlr q wkhuh duh d wr wdor i s . t . 6o. 5
sdudp hwhuv wr eh ir xqg/ z kloh z khq xvlqj wkh or j lvwlf ixqf wlr q wkh wr wdoqxp ehu r i sdudp hwhuv
duh s . t . o. 51

Wkh dlp r i wklv sdshulv wr � qg wkh vhwr i sdudp hwhuv [ >dovr f doohg vr oxwlr q/ z klf k p lqlp l}hv
wkh p hdq vxp vt xduh r i wkh huur uv +P VH,/ xvhg dv dq hydoxdwlr q p hdvxuh +vr p hwlp hv wkh ur r w
r i P VH/ UP VH/ lv dovr xvhg ir u f r p sdulvr q uhdvr qv z lwk r wkhu z r unv,=

P VH+[ , @

?S

| ' •

�
\ +w, � e\ +w,

� 2

q
+8,

z khuh e\ +w, lv wkh hvwlp dwhg ydoxh r i \ +w, xvlqj wkh ir xqg sdudp hwhuv/ [ 1

Qr wlf h wkdwwkh sur eohp r i � qglqj vxfk d vhwr i sdudp hwhuv ir u+5, lv d f r p soh{ sur eohp dqg
dowhuqdwlyh p hwkr gv ir u ghulylqj wkhp lv r i vlj ql� f dqwlqwhuhvwlq wkh vwxg| r i wlp h0vhulhv1

Xvxdoo| / z khq qr q0olqhdu p r ghov duh suhvhqw/ wz r olqhv r i uhvhdufk duh ir oorz hg1 Wkh � uvw
lqf oxghv wkh ghyhor sp hqwr i h{ df wp hwkr gv ir u ghulylqj wkh r swlp dosdudp hwhuv r i wkh p r gho1
Wkh vhf r qg lv der xwwkh � qglqj r i d j r r g � qhdu0r swlp do� vhwr i sdudp hwhuv/ z klf k kdv ehhq
dfklhyhg e| wkh p hwd0khxulvwlf sur f hgxuhv1 Lq wkh p hwd0khxulwlf dssur dfkhv wkh sr lqwlv wr ohdg
wkh vhdufk r i wkh sdudp hwhuv wr dq lqwhuhvwlqj uhj lr q glvf r yhuhg e| dq hyr oxwlr qdu| sur f hvv1 Gxh
wr wkh f r p soh{ lw| r i wkh xqghuo| lqj sur eohp wkh vhf r qg olqh r i uhvhdufk lv dovr lqwhuhvwlqj 1 Wkh
ehqh� wv r i xvlqj p hwd0khxulvwlf sur f hgxuhv lv wkdwwkhuh lv qr qhhg r i dvvxp swlr qv f r qf huqlqj
wkh sdudp hwhuv dqg wkh sr vvlelolw| r i r ewdlqlqj d j or edor swlp xp r i +8,1

Wkh vf dwwhuvhdufk p hwd0khxulvwlf z dv sur sr vhg e| I uhg J oryhu+J oryhu/ 4<<<,1 Lwlv edvhg r q
wkh sur j uhvvlyh f r p elqdwlr q r i lqwhuhvwlqj vr oxwlr qv/ dqg kdv ehhq vxf f hvvixoo| dssolhg wr p dq|
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r swlp l}dwlr q sur eohp v +vhh kwws=22z z z 1xy1hv2• up duwl ir u dq xsgdwhg olvwr i uhvhdufk z r unv
edvhg r q wkh vf dwwhu vhdufk p hwd0khxulvwlf ,1

Wkh uhvwr i wkh sdshulv r uj dql}hg dv ir oorz v1 Vhf wlr q 5 suhvhqwv wkh ghvf ulswlr q r i wkh vf dwwhu
vhdufk dssolf dwlr q wr wkh hvwlp dwlr q sur eohp 1 Vhf wlr q 6 vkrz v wkh f r p sxwdwlr qdoh{ shulp hqwv
f r qf huqlqj wkhwhvwr i wkhsur sr vhg dssur df k1Lq Vhf wlr q 7 lwlv vxp p dul}hg wkhp dlq f r qf oxvlr qv
r i wkh sdshu1

5 Wkh p hwd0khxulvwlf hvwlp dwlr q r i wkh p r ghosdudp hwhuv

Wkh vf dwwhu vhdufk p hwd0khxulvwlf lv xvhg wr hvwlp dwh wkh sdudp hwhuv ir u wkh deryh gh� qhg
QDUP D+s/t /o, p r gho1Wkhr ughur i wkh p r gholv f r qvlghuhg suhylr xvo| gh� qhg1 I r uwklv sxusr vh
vhyhudof r p elqdwlr qv r i wkhvh sdudp hwhuv p d| eh whvwhg lq r ughuwr dyr lg d ulvn| vhohf wlr q r i wkh
p r gho1

Wkh xvxdoiudp hz r un r i wkh vf dwwhu vhdufk p hwd0khxulvwlf sur sr vh wkh uhshwlwlr q r i wkh ir o0
orz lqj � yh f r p sr qhqwv +Odj xqd dqg P duwð/ 5336,= 4, Glyhuvl� f dwlr q p hwkr g/ 5, Lp suryhp hqw
p hwkr g/ 6, Xsgdwh uhihuhqf h vhwp hwkr g/ 7, Vxevhwj hqhudwlr q p hwkr g dqg/ 8, Fr p elqdwlr q
p hwkr g1

Wkh edvlf lghd r i wkh vf dwwhuvhdufk p hwkr gr or j | lv wkh f r p elqdwlr q r i j r r g vr oxwlr qv/ z klf k
duh wr eh glvf r yhuhg e| wkh ghvlj q r i wkh p hwd0khxulvwlf 1 Wkxv/

4, Glyhuvl� f dwlr q p hwkr g

Wkh glyhuvl� f dwlr q p hwkr g dlp v dwj hqhudwlqj d glyhuvl� hg vhwr i vr oxwlr qv uhsuhvhqwdwlyh r i
wkh vhdufk vsdf h1 Lq wkh suhvhqwdssolf dwlr q wkh glyhuvl� f dwlr q p hwkr g f r qvlvwv r i d udqgr p o|
j hqhudwhg sr sxodwlr q1

5, Lp suryhp hqwp hwkr g

Wkh lp suryhp hqwp hwkr g vwduwv e| vhdufklqj ir u d qhz yhf wr u r i sdudp hwhuv wkdwuhgxf hv
wkh f xuuhqwP VH1 Wklv lv xvxdoo| gr qh e| r shudwlqj d or f do vhdufk dur xqg d j r r g vr oxwlr q1
Wkh or f dovhdufk sur f hgxuhv duh sur eohp ghshqghqw1 Khuh/ wkh lp suryhp hqwp hwkr g vhdufkhv
sur j uhvvlyho| ir u hdfk hohp hqwr i [ >[ &>d qhz ydoxh lq d vp dooqhlj ker xukr r g/ Qo +[ &,1 Wkh
r emhf wlyh lv wr qr wghvwur | f r p sohwho| wkh xqghuo| lqj vr oxwlr q/ exwxvlqj lwdv d j xlgh wr r ewdlq d
ehwwhu vr oxwlr q1 Wklv sur f hgxuh lv uhshdwhg xqwlowkh hqwluh hohp hqwv kdyh ehhq dqdo| }hg1 Li wkh
qhz yhf wr u sur gxf hv d P VH vp doohuwkdq wkh ehvwP VH ir xqg +p lqP VH,/ wkhq d qhz gluhf wlr q
lv gh� qhg xvlqj wkh r ewdlqhg yhf wr u dqg wkh lqsxwyhf wr u1 D or r s r i lp suryhp hqwp ryhv dor qj
wkh ehvwvhdufk gluhf wlr q lv shuir up hg1 D qhz yhf wr u r i sdudp hwhuv lv gh� qhg dor qj wkh vhdufk
gluhf wlr q1 Li wkh qhz yhf wr ugr qr wsur gxf h d ehvwydoxh ir uwkh P VH wkhq hdfk f r p sr qhqwr i wkh
vhdufk gluhf wlr q lv udqgr p o| shuwxuehg z lwk d j lyhq sur edelolw| +sur e, / YRoJK+g,1Wklv sur f hgxuh
lv uhshdwhg xqwlo d p d{ lp xp qxp ehu r i lwhudwlr qv lv df klhyhg1 I r up doo| / wkh lp suryhp hqw
sur f hgxuh lv dv ir oorz v=

Suhf hgxuh Lp suryh +[ ,
Ehj lq

[ � # [ >
n # 4>
Uhshdw
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\ # [ >
\ & # Qo+[ &,>
Li P VH+\ , ? P VH+[ , Wkhq [ & # \ &>
n # n . 4>

Xqwlo+n A m[ m, 22 � qg d ehwwhu vr oxwlr q lq d vp dooqhlj ker xukr r g
Li +P VH+[ , ? p lq P VH, Wkhq p lq P VH # P VH+[ ,>g # [ � [ �>
n # 4>
Uhshdw

\ # [ . � � g>22 vhdufk dor qj gluhf wlr q g
Li P VH+\ , ? P VH+[ , Wkhq
Ehj lq

Li P VH+\ , ? p lq P VH Wkhq p lq P VH # P VH+\ ,>g # \ � [ >
[ # \ >
� # � . � >22 xsgdwh wkh vwhs0vl}h

Hqg
hovh g # YRoJK+g, >22 shuwxuedwlr q r i wkh vhdufk gluhf wlr q g
n # n . 4>

Xqwlo+n A p d{ lp sur yhv, 22lp suryhp hqwp ryhv dor qj wkh ehvwvhdufk gluhf wlr q
Hqg

z khuh Qo+[ &, �
q

i[ & =i[ & @udqg +[ & +4 	 u, ,
r

dqg

YRoJK+g, �
�

hg = hg& @
�

g& . d& li udqg A sur e
g& r wkhuz lvh

>d& lv d udqgr p qxp ehu/ n @4>==>
�
�
� hg

�
�
�

�
=

6, Xsgdwh wkh uhihuhqf h vhwp hwkr g

Wkh uhihuhqf h vhwlv f r p sr vhg r i d vxevhwr i vr oxwlr qv vxemhf whg wr dq hyr oxwlr qdu| sur f hvv
wrz dugv wkh ghwhup lqdwlr q r i wkh r swlp dovr oxwlr q1 Lq wklv sdshu/ wkh uhihuhqf h vhwlv f r p sr vhg
r i d vp doovhwr i wkh ehvwvr oxwlr qv ir xqg f r qf huqlqj wkh P VH1Wklv lv dq holwlvwuhihuhqf h vhwlq
wkh vhqvh wkdwr qo| wkh ehvwvr oxwlr qv duh suhvhuyhg1 OhwU eh wkh uhihuhqf h vhw/ r uj dql}hg e|
qr q0ghf uhdvlqj ydoxhv r i P VH1

7, Vxevhwj hqhudwlr q p hwkr g

Wkh vxevhwj hqhudwlr q p hwkr g f uhdwhv f r p elqdwlr qv r i vr oxwlr qv iur p U1 Wkhuh duh p dq|
z d| v wr f r p elqh wkhvh vr oxwlr qv/ exwxvxdoo| j r r g uhvxowv duh r ewdlqhg hyhq f r p elqlqj d vp doo
qxp ehu r i vr oxwlr qv1

Khuh/ lwlv f r qvlghuhg wkh f r p elqdwlr q r i 4/ 5/ 111 f r qvhf xwlyh vr oxwlr qv iur p U =V• / 111/V� =I r u
h{ dp soh/ li U @

�
[ • >[ 2>[ �

�
dqg wkhvxevhwj hqhudwlr q p hwkr g f r qvlghuvwkh f r p elqdwlr q r i dw

p r vwwz r f r qvhf xwlyh vr oxwlr qv/ wkhq wkh vxevhwv duh V• @
�

[ •
�

/V2 @
�

[ 2
�

>V� @
�

[ �
�

>Ve @�
[ • >[ 2

�
dqg VD @

�
[ 2>[ �

�
=

8, Fr p elqdwlr q p hwkr g

Wkh f r p elqdwlr q p hwkr g sur p r whv wkh f r p elqdwlr q r i wkh vr oxwlr qv f r qwdlqhg lq hdfk vxe0
vhw/ V& �

�
[ • >[ 2>===>[ |

�
1 Lq wklv sdshu/ wkh f r p elqdwlr q p hwkr g f r qvlvwv r i wkh f r qvwuxf wlr q
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r i � iwkhhq qhz vr oxwlr qv xsr q wkh ehvwvr oxwlr q iur p hdfk vxevhw/ dv ir oorz v1 Wkh f r p sr 0
qhqwv r i wkh ehvwvr oxwlr q duh uhsodf hg e| wkh dyhudj h ydoxh r i hdf k f r p sr qhqwwdnlqj lqwr
df f r xqwwkh vr oxwlr q lq wkh vxevhw=f r qvlghulqj [ W� +z W>� W>f W>uW, wkh ehvwvr oxwlr q iur p vxe0
vhwV&/ wkh qhz gh� qhg vr oxwlr qv duh +z >� W>f W>uW, >+z W>� >f W>uW, >+z W>� W>f >uW, >+z W>� W>f W>u, >
+z >� >f W>uW, >===>+z >� >f >u, / z khuh � lv wkh dyhudj h r i � =I ur p doowkhvh vr oxwlr qv/ r qo| wkh odvw
r qh lv d olqhdu f r p elqdwlr q r i V& vr oxwlr qv +vhh I lj xuh 4 ir u dq h{ dp soh r i wkh f r p elqhg vr ox0
wlr qv,1 Hvf dslqj iur p wkh r uj lqdovr oxwlr qv lv lp sr uwdqwwr glvf r yhu r wkhu uhj lr qv r i wkh vhdufk
vsdf h1

0
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Original solutions

Combined solutions

best solution

I lj xuh 4=Fr p elqlqj ir xu vr oxwlr qv

Wkh f r p elqdwlr q p hwkr g khuh wulhv wr dyr lg wkh ghvwuxf wlr q r i wkh ehvwvr oxwlr q r i hdf k
vxevhw/ uhsodf lqj / sur j uhvvlyho| / hdfk f r p sr qhqwe| d vp r wkhg r qh1 Wkhvh qhz � iwkhhq vr oxwlr qv
duh f dqglgdwhv wr ehf r p h p hp ehuv r i wkh uhihuhqf h vhwdiwhu doowkh vxevhwv kdg ehhq wdnhq lqwr
df f r xqw1 Wklv lv d vwdwlf xsgdwh r i wkh uhihuhqf h vhw/ vlqf h lwf r xog eh xsgdwhg lp p hgldwho| diwhu
d ehwwhu vr oxwlr qv kdg ehhq r ewdlqhg1 D mxvwl� f dwlr q ir u wkh dgr swhg r swlr q lv wkh sr vvlelolw| r i
r ewdlqqlqj d j r r g vr oxwlr q e| f r p elqlqj z r uvwvr oxwlr qv1

Fr qvlghulqj d vxevhwV& f r p sr vhg e| wvr oxwlr qv wkh f r p elqdwlr q r i vr oxwlr qv lv dv ir oorz v1

Sur f hgxuh Fr p elqh+V&,
Ehj lq

[ W� +z W>� W>f W>uW, # duj p lq
�

P VH+[ , =[ 5 V&
�

Fr qvlghu doowkh f r p elqdwlr qv r i wkh ir xu f r p sr qhqwv r i [ Wdqg uhsodf h wkhp e|
wkh dyhudj h r i wkh f r p sr qhqwv f r qvlghulqj V&1 Uhsuhvhqwwkh � iwkhhq sr vvleoh
f r p elqdwlr qv e| h[ • >h[ 2>===>h[ • D>
Fdqglgdwhv

�
V&

�
#

q
h[ • >h[ 2>===>h[ • D

r

Hqg

Ehorz lv suhvhqwhg wkh ryhudoovwuxf wxuh r i wkh sur sr vhg ir uhf dvwlqj p hwkr g1 Lwvwduwv z lwk
d udqgr p o| j hqhudwhg sr sxowdwlr q1 Hdfk hohp hqwr i wkh sr sxodwlr q lv hydoxdwhg xvlqj wkh P VH
dqg d vxevhwr i wkhehvwr qhv lvxvhg wr gh� qhwkhuhihuhqf hvhw/ U1Hdfk hohp hqwr i U lv lp suryhg1
Dq hyr oxwlr qdu| or r s lv uhshdwhg xqwlod p d{ lp xp qxp ehu r i lwhudwlr qv lv dfklhyhg +vwr sslqj
f ulwhulr q,1 Wklv or r s f r qwdlqv wkh vxevhwj hqhudwlr q/ wkh f r p elqdwlr q dqg wkh lp suryhp hqw
p hwkr gv1

9



SURFHGXUH I RUHFDVW
EHJ LQ
S # udqgr p o| j hqhudwhg yhf wr uv [ =[ • >[ 2>===>[ R>
U # Wkh mUmyhf wr uv z lwk wkh vp doohvwP VH>
U #

�
Lp suryh

�
[ &

�
=[ & 5 U

�
>

Uhshdw
J hqhudwh vxevhwv iur p U=V• / 111/V� >22 y vxevhwv
n # 4>
olvw# >>
Uhshdw

Fr p elqh
�
V�

�
>22 gh� qh Fdqglgdwhv

�
V&

�

olvw# olvŵ
V

f &M� @?_�_@|er+7 &,
Lp suryh

�
[ &

�
>

n # n . 4>
Xqwlo+n A y,22 doowkh vxevhwv z huh dqdol}hg
Xsgdwh U z lwk olvw>

Xqwlo+vwr sslqj f ulwhulr q lv df klhyhg,
[ W# duj p lq

�
P VH+[ &, =[ & 5 U

�
>22 wkh ehvwvhwr i sdudp hwhuv

Hqg

6 Hp s lul f douhvxowv

Wkh shuir up dqf h r i wkh sur sr vhg p hwkr g lv hydoxdwhg xvlqj wkuhh wlp h0vhulhv= P dfnh| 0J odvv
f kdr wlf wlp h vhulhv/ j dv ixuqdf h dqg h{ fkdqj h udwh Hxur 2XVG gr oodu1 Wkh � uvwwz r wlp h vhulhv
duh iuht xhqwo| xvhg dv ehqfkp dun h{ dp sohv/ wkxv duh xvhg khuh ir u f r p sdulvr q1 Wkh gdwd xvhg
z dv r ewdlqhg iur p wkh z hevlwh r i wkh Z r unlqj J ur xs r q Gdwd P r gholqj Ehqfkp dun 0 LHHH
QhxudoFr xqf lo+kwws=22qhxudo1f v1qwkx1hgx1wz 2mdq2ehqfkp dun2,1 Wkh wklug wlp h0vhulhv lv xvhg
ir u dgglwlr qdo looxvwudwlr q sxusr vhv r i wkh sur sr vhg dssur df k1 Lq wkh h{ shulp hqwv ehorz / wkh
glylvlr q r i wkh gdwd ehwz hhq wudlqlqj dqg whvwlqj gdwd lv nhswwkh vdp h dv p dghe| r wkhudxwkr uv1

Wkh P VH2UP VH lv f r qvlghuhg dv wkh hydoxwlr q p hdvxuh1 Wdnlqj lqwr df f r xqwr qo| wklv
p hdvxuh/ wkh orz huwkh P VH2UP VH wkh ehwwhu lv wkh p r gho1 Wklv p hdvxuh lv dovr xvhg wr vhohf w
wkh ehvwvhwr i sdudp hwhuv f r qvlghulqj d vxevhwr i wkh wlp h0vhulhv1 Krz hyhu/ lwlv lp sr uwdqw
wr qr wh wkh r evhuydwlr q e| P dnulgdnlv +4<<9, wkdwwkh p r ghov wkdwehvw� wwkh dydlodeoh gdwd
duh qr wqhf hvvdulo| wkh p r vwdf f xudwh r qhv lq suhglf wlr qv eh| r qg wklv gdwd1 Dqr wkhu lp sr uwdqw
dvshf wlv wkh sulqf lsoh r i sduf lp r q| lq wkh p r ghof r qvwuxf wlr q z klf k uhgxf hv wkh lqwhuhvwlq wkh
ryhu� wwlqj p r ghov1

Wkh ir oorz lqj sdudp hwhuv duh nhswf r qvwdqwlq wkh h{ shulp hqwv ehorz =
LqlwldoSr sxodwlr q=433 yhf wr uv>
Lqlwldoz >� >dqg f =udqgr p o| j hqhudwhg iur p wkh udqj h 0̂4/4`>
Lqlwldou=udqgr p o| j hqhudwhg iur p wkh udqj h 3̂158/4`>
Uhihuhqf h vhw=53>
Fduglqdolw| r i wkh vxevhwv=406>
P d{ lp xp qxp ehu r i lwhudwlr qv=4331
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z � f u
314: ; 9: ; 468 3193: 6678: 7 0319<45; : 8: 3177578346;
031<<84: 9395 413; 3: 5; <: 8 316; 339: 764 317<997693<
31: 435488<9 0314<: 374977 31; 39: 5596; 3186<37: <37
0314: 56<<89; 04198; 5<: 778
041679<: <; 95
05133<: ; 65: 9
05137: 5; 39<7
041944<369<;
031<588<7969
0315; 7: 94968

Wdeoh 4=Hvwlp dwhg Sdudp hwhuv ir u wkh qr q0olqhdu DUP D+6/9,

614 F dvh 4=P df nh| 0J odvv f kdr wlf wlp h vhulhv

Wkh P dfnh| 0J odvv f kdr wlf wlp h vhulhv f r qvlvwr i 4333 r evhuydwlr qv j hqhudwhg xvlqj wkh ht xdwlr q=

g{ +w,
gw

@
d{ +w� � ,

4 . { • f +w� � ,
� e{ +w, >� A 4: +9,

Wkh � uvw833 r evhuydwlr qv duh xvhg ir uwudlqlqj r i wkh p hwkr g/ lq r ughuwr r ewdlq wkh sdudp 0
hwhuv r i wkh QDUP D+s/t /o, p r ghodqg wkh uhp dlqlqj r evhuydwlr qv/ duh xvhg ir u whvwlqj / l1h1/ wr
f r p sduh wkh ir uhf dvwhg ydoxhv z lwk wkh uhdor qhv1

Diwhuwhvwlqj vhyhudoQDUP D+s/t /o, p r ghov/ lwz dv vhohf whg wkh QDUP D+6/9/6, / l1h1/ d p r gho
z lwk 6 dxwr uhj uhvvlyh whup v/ 9 p rylqj dyhudj h whup v dqg 6 qr q0olqhdu ixqf wlr qv1 Wkh ir xqg
hvwlp dwhg sdudp hwhuv/ xvlqj wkh J dxvvldq ixqf wlr q/ duh suhvhqwhg lq Wdeoh 41

Wkh r ewdlqhg UP VH lv 3133396; ir u wkh wudlqlqj gdwd/ 3133395: ir u wkh ydolgdwlr q gdwd dqg
31333966 li wkh hqwluh gdwd lv f r qvlghuhg1 Wkh r evhuyhg dqg � wwhg ydoxhv ir u wkh P dfnh| 0J odvv
wlp h0vhulhv lv vkrz q lq I lj xuh 51

 
I lj xuh 5=Revhuyhg dqg � wwhg P dfnh| 0J odvv wlp h0vhulhv

;



P hwkr g UP VH P hwkr g UP VH
Dxwr uhj uhvvlyh p r gho 314< Fodvvlf doUEI 313447
Fdvf dgh f r uuhodwlr q QQ 3139 SJ 0UEI 31335;
Edfn0sur sdj dwlr q QQ 3135 J hqhwlf doj r ulwkp dqg ix}} | v| vwhp v 3137<
Vl{ wk0r ughu sr o| qr p ldo 3137 I QWp r gho+f dvh 4, 31339<
Olqhdu suhglf wlr q p hwkr g 3188 I QWp r gho+f dvh 5, 31335:
DQI LV dqg ix}} | v| vwhp 3133: QDUP D+6/9/6, 3133396;
Sur gxf wW0qr up 313<3:

Wdeoh 5=Fr p sdulvr q r i suhglf wlr q huur u ir u wkh P dfnh| 0J odvv wlp h0vhulhv sur eohp

Fr qvlghulqj wkh UP VH f ulwhulr q/ wkhvh uhvxowv duh f ohduo| ehwwhu wkdq wkh r qhv lq wkh olwhud0
wxuh/ dv f dq eh vhhq lq Wdeoh 5 +xsgdwhg iur p Fkhq hwdo1/ 5338,1

Lq I lj xuh 6 lwlv vkrz q wkh hyr oxwlr q r i wkh UP VH dor qj wkh 433 lwhudwlr qv r i wkh p hwkr g1
Dv f dq eh vhhq/ wkh lqlwldovr oxwlr q ohdg wr d UP VH deryh 314/ exwmxvwdiwhu d ihz lwhudwlr qv lw
gudvwlf do| ghf uhdvhv ehorz 31341 Wkh lp suryhp hqwr i wkh dgmxvwp hqwlv qr wf r qvwdqw/ dqg dovr
ghf d| v z lwk wkh lwhudwlr qv1

 
I lj xuh 6=Hyr oxwlr q r i wkh UP VH ir u wkh P dfnh| 0J odvv wlp h0vhulhv

Uhsodf lqj wkh J dxvvldq ixqf wlr q e| wkh or j lvwlf ixqf wlr q lw lv r ewdlqhg z r uvw UP VH*v=
313347: / 3133478/ 3133479 ir u wkh wudlqlqj gdwd/ whvwgdwd dqg hqwluh gdwd/ uhvshf wlyho| 1

615 F dvh 5= J dv ixuqdf h gdwd

Wkh j dv ixuqdf h gdwd +vhulhv M, / f r qvlvwlqj r i 5<9 r evhuydwlr qv/ lv dovr xvhg dv d ehqfkp dun1
Wklv wlp h0vhulhv uhodwhv wr d f r p exvwlr q sur f hvv r i d p hwkdqh0dlu p l{ wxuh/ z khuh wkh FR2

f r qf hqwudwlr q +yduldeoh wr eh ir uhf dvwhg, dqg wkh lqsxwj dv  r z z huh uhj lvwhuhg1 Lq wklv sdshu
r qo| wkh FR2 f r qf hqwudwlr q z dv xvhg1 I ur p wkh 5<3 xvdeoh r evhuydwlr qv/ wkh � uvw533 z huh xvhg
ir u wudlqlqj dqg wkh uhp dlqlqj <3 duh ghglf dwhg ir u whvwlqj wkh p hwkr g1

Wkh ir xqg hvwlp dwhg sdudp hwhuv ir u d QDUP D+7/7/7, duh suhvhqwhg lq Wdeoh 61

<



z � f u
3196<848637 3165: 488 31: ; 495; : <8 316: 54; 99: :
031; 3; 655998 031777559<95 0314338<<776 31866<84766
313; : ; 3687 316; 93: : 6< 03136<: <: 4; 9 318; : ; 654; ;
315<<5739<: 314; 5; 97: 69 0318; 395585 317: 33<5439
0314479<: 748 4147<3934:
0316<58; 9688
03157557; ; 58
0314: 537; 3; 9
03144834488

Wdeoh 6=Hvwlp dwhg Sdudp hwhuv ir u wkh j dv ixuqdf h wlp h0vhulhv

Wkh r evhuyhg dqg � wwhg ydoxhv duh vkrz q lq I lj xuh 7/ z lwk wkh hyr oxwlr q r i wkh UP VH dor qj
wkh 433 lwhudwlr qv r i wkh p hwkr g/ suhvhqwhg lq I lj xuh 81

 
I lj xuh 7=Revhuyhg dqg � wwhg J dv ixuqdf h wlp h0vhulhv

 
I lj xuh 8=Hyr oxwlr q r i wkh UP VH ir u wkh j dv ixuqdf h

Z lwk wkh QDUP D+7/7/7, p r ghowkh P VH lv 313337: z klf k lv wkh vhf r qg ehvwydoxh r i wkh
dydlodeoh p hwkr gv +vhh Wdeoh 7/ z klf k lv xsgdwhg iur p Fkhq hwdo1/ 5338,1 Qr wlf h/ kr z hyhu/ wkdw
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P hwkr g P VH P hwkr g P VH
DUP D 31: 4 Olq*v p r gho 31594
Wr qj *v p r gho 3179< Qlh*v p r gho 3149<
Shgu| f }*v p r gho 31653 DQI LV p r gho 3133: 6
[ x*v p r gho 3165; I xQQ p r gho 313384
Vxj hqr *v p r gho 31688 K| I LV p r gho 313375
Vxuqp dqq*v p r gho 31493 I QW+f dvh 4, 3133399
WV p r gho 3139; I QW+f dvh 5, 313335<
Ohh*v p r gho 3173: QDUP D+7/7/7, 313337:
Kdxswp dqq*v p r gho 31467

Wdeoh 7=Fr p sdulvr q r i suhglf wlr q huur u ir u wkh j dv ixuqdf h wlp h0vhulhv sur eohp

z � f u
3145; 7; <<75 317<<476: 58 31: 393: 9585 315636; <; <7
31743: 39598 3165: ; 5: <4: 3195397; 39: 3156: 543646
031347496: 78 31555634: <7 03154<<<8869 3186675778
3133493644: 03166687747 31: 3: 75; ; ; 9 3177: 5<7897
031355<; 9387 314: 6939485
3135: 63494;

Wdeoh 8=Hvwlp dwhg Sdudp hwhuv ir u wkh h{ f kdqj h udwh HXUR2XVG,

wkh f r p sdulvr q z lwk I QW +f dvh 5, lv qr wf ohdu vlqf h wklv p r gho f r qvlghuv wz r wlp h0vhulhv ir u
r ewdlqlqj wkh sdudp hwhuv/ z kloh lq khuh r qoê| wkh FR2 ydoxhv z huh xvhg1

Fr qvlghulqj wkh whvwgdwd/ wkh p r ghovkrz v d z r uvwdssur { lp dwlr q r xwf r p h/ z lwk wkh P VH
ehlqj 31333; 61 I r u wkh hqwluh gdwd vhw/ wkh P VH lv 313338<1

Xvlqj wkh or j lvwlf ixqf wlr q/ lwlv r ewdlqhg volj kwo| z r uvwuhvxowv/ z lwk 313337: / 31333; : dqg
3133393 dv wkh ydoxhv ir u wkh P VH f r qf huqlqj wkh wudlqlqj / whvwdqg hqwluh wlp h0vhulhv gdwd/
uhvshf wlyho| 1

616 F dvh 6= H{ f kdqj h udwh HX UR2X VG

Wklv vhf wlr q hqgv z lwk wkh gdlo| EEL h{ f kdqj h udwh HXUR2XVG wlp h0vhulhv f r qf huqlqj wkh
shulr g 3; 03705336 wloo380350533: +4333 r evhuydwlr qv,1 Wkh ghyhor shp hqwr i ir uhf dvwlqj p hwk0
r gv ir u � qdqf ldo wlp h0vhulhv kdv uhf hlyhg lp sr uwdqwdwwhqwlr q iur p uhvhdufkhuv +P dooldulv dqg
Vdofkhqehuj hu/ 4<<9>Vkhwd dqg Gh Mr qj / 5334>Ohqgdvvh hwdo1 5333,1

Xvlqj d QDUP D+4/7/7, wkh hvwlp dwhg sdudp hwhuv ir xqg duh suhvhqwhg lq Wdeoh 81

Wkh r ewdlqhg UP VH xvlqj wkh J dxvvldq ixqf wlr q lv 313385< ir uwkhwudlqlqj gdwd dqg 3133743
ir uwkh ydolgdwlr q gdwd1 Fr qvlghulqj wkh hqwluh vhulh/ wkh UP VH lv 31337: 1 Wkh p hwkr g sur gxf hv
d f r uuhf wdgmxvwp hqwwr wkh wlp h0vhulhv +vhh I lj xuh 9, dqg wkh wkh UP VH lv orz 1

44



 
I lj xuh 9=Revhuyhg dqg � wwhg h{ f kdqj h udwh HXURqXVG wlp h0vhulhv

Wkh UP VH p hdvxuh ghf uhdvhv vlj ql� f dqwo| dor qj wkh 433 lwhudwlr qv/ qdp ho| lq wkh � uvw73
lwhudwlr qv/ dqg wkhq wkh lp suryhp hqwlv yhu| vorz 1

 
I lj xuh : =Hyr oxwlr q r i wkh UP VH ir u wkh h{ f kdqj h udwh HXUR2XVG

Z lwk wkh or j lvwlf ixqf wlr q lwz huh dovr r ewdlqhg z r uvwuhvxowv +suhvhuylqj doowkh sdudp hwhuv
xvhg lq wkh deryh h{ shulp hqwv,1 Z lwk wklv ixqf wlr q/ wkh UP VH ir u wkh wudlqlqj gdwd lv 313396: /
dqg 31337<5 dqg 313389< ir u wkh ydolgdwlr q gdwd dqg ir u wkh hqwluh wlp h0vhulhv/ uhvshf wlyho| 1

7 F r qf oxvlr qv

Lq wklv sdshu lwz dv sur sr vhg wkh dssolf dwlr q r i wkh vf dwwhu vhdufk p hwd0khxulvwlf wr � qg wkh
sdudp hwhuv r i d qr q0olqhdu p r ghoghglf dwhg wr wkh ir uhf dvwlqj sur eohp 1 Wkh vwuxf wxuh r i wkh
ghyhor shg dssur df k uhyhdohg wr eh dght xdwh wr � qg wkh sdudp hwhuv ir u QDUP D+s/t /o, p r ghov1
Wkh hp slulf douhvxowv dovr vkrz hg wkdwwkh dssur df k lv lqwhuhvwlqj f r qf huqlqj wkh f dsdf lw| wr
ir uhf dvwwkh ixwxuh ydoxhv r i wkh yduldeohv1

Wkh k| eulgl}dwlr q r i wkh suhvhqwhg ir uhf dvwlqj sur f hgxuh z lwk h{ df wp hwkr gv/ dv gr qh lq
] kdqj +5336,/ ir u lqvwdqf h/ qhhgv wr eh lp sohp hqwhg lq r ughu wr t xdqwli| wkh hqkdqf hp hqwr i
wkh suhvhqwhg uhvxowv1 D sr vvleoh h{ whqvlr q r i wkh dssur df k f r qvlghulqj wkh dxwr p dwlf wxqlqj r i
wkh r ughu r i wkh QDUP D+s/t /o, p r ghof dq dovr eh lqwhuhvwlqj 1
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Uhihuhqf hv

4̂` Fkhq/ \ 1/ \ dqj / E1/ Gr qj / M1/ Deudkdp / D1+5338,1Wlp h0vhulhv ir uhf dvwlqj xvlqj  h{ leoh
qhxudowuhh p r gho/ Lqir up dwlr q Vf lhqfhv/ 4: 7/ ss154<0568

5̂` J oryhu/ I 1+4<<<, Vf dwwhu vhdufk dqg sdwk uholqnlqj lq G1Fr uqh/ P 1Gr ulj r dqg I 1J oryhu
+Hgv,/ Qhz lghdv lq r swlp l}dwlr q/ P f J udz Kloo/ ss 5<: 0649

6̂` Kz duqj / K1+5334, Lqvlj wkv lqwr qhxudo0qhwz r un ir uhf dvwlqj r i wlp h vhulhv f r uuhvsr qglqj wr
DUP D+s/t , vwuxf wxuhv/ Rp hj d/ 5</ ss15: 605; <

7̂` Nlp / G1/ Nlp / F1+4<: : ,1 I r uhf dvwlqj wlp h vhulhv z lwk j hqhulf ix}} | suhglf wr u hqvhp eoh/
LHHH Wudqvdwlr qv r q ix}}| v| vwhp v/ 8 +7,/ ss18560868

8̂` Odj xqd/ P 1/ P duwð/ U1+5336, Vf dwwhuvhdufk0p hwkr gr or j | dqg lp sohp hqwdwlr q lq F/ Noxz hu
Dfdghp lf Sxeolvkhuv/ Or qgr q

9̂` Ohqgdvvh/ D1/ Er gw/ H1/ Z huw}/ Y1/ Yhuoh| vhq/ P 1 +5333, Qr q0olqhdu � qdqf ldo wlp h vhulhv
ir uhf dvwlqj 0dssolf dwlr q wr wkh Eho53 vwr fn p dunhwlqgh{ / Hxur shdq Mr xuqdor i Hf r qr p lf
dqg Vr f ldoV| vwhp v/ 47 +4,/ ss1; 40<4

:̂ ` P dnulgdnlv/ V1+4<<9, I r uhf dvwlqj =lwvur ohdqg ydoxh ir usodqqlqj dqg vwudwhj | / Lqwhuqdwlr qdo
Mr xuqdor i I r uhfdvwlqj / 45/ ss1846086:

;̂ ` P dooldulv/ P 1/ Vdofkhqehuj hu/ O1 +4<<9, Xvlqj qhxudo qhwz r unv wr ir uhf dvwwkh V) S 433
lp solhg yr odwlolw| / Qhxur f r p sxwlqj / 43/ ss14; 604<8

<̂` Vdoxvwrz lf } / U1/ Vfkp lgkxehu/ M1+4<<: ,1Sur edelolvwlf Lqf uhp hqwdoSur j udp / Hyr oxwlr qdu|
Fr p sxwlqj / 8+5,/ ss14560474

4̂3` Vkhwd/ D1/ Gh Mr qj / N1/ +5334,1Wlp h0vhulhv ir uhf dvwlqj xvlqj J D0wxqqhg udgldoedvlv ixqf 0
wlr qv/ Lqir up dwlr q Vf lhqfhv/ 466/ ss1554055;

4̂4` Z hgglj / G1/ Flr v/ N1+4<<9, Wlp h vhulhv ir uhf dvwlqj e| f r p elqlqj UEI qhwz r unv/ f huwdlqw|
idf wr uv/ dqg wkh Er { 0Mhqnlqv p r gho/ Qhxur f r p sxwlj / 43/ ss147<049;

4̂5` ] kdqj / J 1+5336,1Wlp hvhulhv ir uhf dvwlqj xvlqj d k| eulg DULP D dqg qhxudoqhwz r un p r gho/
Qhxur f r p sxwlqj / 83/ ss148<04: 8
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