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SMAA-TRI: A PARAMETER STABILITY ANALYSIS
METHOD FORELECTRE TRI

Abstract

ELECTRE TRI is a multiple criteria decision aiding sortingetihod with a history

of successful real-life applications. In ELECTRE TRI, v@dufor certain parameters,
such as criteria weights, thresholds, category profiled Jambda cutting level, have
to be provided. We propose a new method, SMAA-TRI, that ieam Stochastic

Multicriteria Acceptability Analysis (SMAA), for analyng the stability of such pa-
rameters. The stability analysis can be used for derivibgsbconclusions. SMAA-

TRI allows ELECTRE TRI to be used with imprecise, arbitnadistributed values

for weights and the lambda cutting level. The method comsifanalyzing through

Monte Carlo simulation finite spaces of arbitrarily distitiéd parameter values in or-
der to describe for each action, the share of parameter s/éha have it assigned
to different categories. We provide algorithms for the medthand demonstrate the
real-life applicability by re-analyzing a case study in fiedd of risk assessment.

Keywords: SMAA-TRI; Multiple Criteria Decision Aiding (MCDA); ELECTRE TRI;
Stochastic Multicriteria Acceptability Analysis (SMAA); Stability Analysis; Robust
Conclusions.



1 Introduction

Partitioning a set of objects into groups (clusters, classe categories) is among the most re-
searched areas in various disciplines. The first contohstion grouping techniques came from
statistical and econometric fields in form of discrimindogit and probit analyses (Berkson, 1944;
Bliss, 1934; Fisher, 1936; Smith, 1947). During the last¢hdecades, the development of group-
ing techniques has been based on operations research #dicthhimtelligence. These method-
ologies can be divided into two families: the non-pararsegchniques such as neural networks,
machine learning, rough sets and fuzzy sets (Dembczynsiti,2002; Greco et al., 1999, 2001,
2002; Pawlak, 1982; Pawlak and Stowinski, 1994), and thesdrased on outranking relations
(Belacel, 2000; Belacel and Boulassel, 2004; Perny, 1998;d®dd Bouyssou, 1993; Yu, 1992a)
and particular cases of multiple attribute utility theoBopounidis and Doumpos, 1999, 2000).

The groups can be definedpriori or a posteriori and be ordered or not. In the caseaof
priori defined ordered groups the problem is calletbafinal classification or sorting problem,
and the objects are assignedctgegories based on upper and lower profiles, central objects or
other norms (Doumpos and Zopounidis, 2002).

In the late seventies a trichotomic procedure based on ttraring approach for sorting
problems was proposed by Moscarola and Roy (see Mosca@¥d; Moscarola and Roy, 1977;
Roy, 1981). Several years later, in order to help decisiokimgan a large banking company faced
with a problem of accepting or refusing credit requests,va method with a name of ELECTRE
A was developed and applied in 10 sectors of activity (Figuet al., 2005b). Based on these
earlier works, in 1992 a method called ELECTRE TRI (Yu, 1982&merged. It is one of the
most successful and applied methods for MCDA sorting problésee e.g. Damart et al., 2002;
Dimitras et al., 2001; Gabrel, 1994; Georgopoulou et aDR0avrotas et al., 2003; Merad et al.,
2004; Raju et al., 2000).

ELECTRE TRI requires an input of numerous parameters. Thassmeters can be divided
into preference parameters (relative importance coefficients of criteria or weightggsholds, and
profiles) and theechnical parameter (lambda cutting level). The weight elicitation process in
general is one of the the most difficult problems in MCDA, hessa MCDA methods are sup-
ported by mathematical models and therefore the prefesameed to be expressed in mathemati-
cal terms. There are numerous weight elicitation techrsgueposed for ELECTRE methods, see
e.g. Figueira and Roy (2002); Hokkanen and Salminen (199@)sseau (1995); Mousseau et al.
(2001); Rogers and Bruen (1998). All these techniques m®different values for weights, and
therefore it is advisable to perform some kind of robustrasdysis when they are applied (Roy,
2002, 2005).

Important research has been made about parameter infeamuceobustness analysis for
ELECTRE TRI. The first advance on this topic was made by Maussad Stowihski (1998),
who presented a method for inferring indifference and pesfee thresholds, profiles and weights,
from assignment examples through non-linear optimizatiénuser-friendly software for this
method was presented by Mousseau et al. (2000). A linearaamoging method for inferring the
weights from assignment examples was introduced by Mousseal. (2001). Dias and Climaco
(1999, 2000) presented a method for deriving robust cormiasvith imprecise parameter values



that were defined with linear constraints. These works wenhined into a unified framework
by Dias et al. (2002), allowing to infer the parameters andedve robust conclusions based on
assignment examples. Nevertheless, inconsistent judgeroan appear when these methods are
applied. Algorithms for solving interactively the incostncies in the inferred parameter val-
ues were proposed by Mousseau et al. (2004, 2003). An apgpfoadinferring category limits
was introduced by Ngo The and Mousseau (2002). The methgylelas complemented by Dias
and Mousseau (2004), who introduced a partial inferencegghare for inferring the veto-related
parameters.

In this paper we introduce the SMAA-TRI method that can baldee analyzing the robust-
ness of ELECTRE TRI results based on parameter stabilitlysisa A parameter stability anal-
ysis consists of analyzing a space of feasible parameters failgeschanges in the output of the
method. Stability analysis allows the model to include deterministic parameters and provides
the DMs with more output than parameter inference. SMAA-EBRIased on Stochastic Multicri-
teria Acceptability Analysis (SMAA) (Lahdelma et al., 199&hdelma and Salminen, 2001), that
is a family of decision support methods to aid decision makPMSs) in discrete decision making
problems. The SMAA methods for the ranking problem statdr(sae Durbach, 2005; Lahdelma
et al., 1998, 2003, 2005; Lahdelma and Salminen, 2001, 20@5konen et al., 2004) are based
on inverse weight space analysis that produces descriglues characterizing the decision mak-
ing problem. They have been applied in numerous real-ltficasbns (see e.g. Hokkanen et al.,
1998, 1999, 2000; Kangas et al., 2003; Lahdelma and Salm@@fba; Lahdelma et al., 2002,
2001). SMAA-TRI is the first SMAA method for the sorting prebh statement.

We demonstrate the application of SMAA-TRI by re-analyzmgase study in the field of
risk assessment. To make the method readily applicable rowide complete algorithms for the
method in the appendices.

The rest of the paper is organized as follows: a comprehemggcription of ELECTRE TRI
is presented in Section 2. SMAA-TRI is introduced in Sec8o®ection 4 contains the re-analysis
of a case-study. We end the paper with conclusions and asdoufuture research in Section 5.



2 ELECTRETRI

ELECTRE TRI was designed to assign a set of alternativeectdbpr items (actions in general) to
pre-defined and ordered categories. Each category is tbdrad by a lower and an upper profile.
The assignment of an action to a certain category results fhe comparison of the action with
the profiles. The comparison is based on the credibility efdbsertions “the action outranks the
category profile andice-versa”. In what follows, we will assume, without any loss of gerligya
that the scales of the criteria are ascending (therefdrtheatriteria are to be maximized).

In this paper, we will use the following notation:

o F={g1,...,8j,...,8n} is the set or family ofcriteria. Let J denote the set of criterion
indices.

A={as,...,a;...,ay,} is the set ofictions. Let I denote the set of action indices.

e C={Cy,...,Cp,...,C} is the set ofcategories in ascending preference ordeF,(is the
“worst” category). LetC denote the set of category indices.

B={b1,...,bp,...,br_1} is the set oprofiles. The profileb, is the upper limit of category
C;, and the lower limit of categorg),, 1, for all € B, whereB is the set of profile indices.

o w= (Wi,...,wj,...,w,) is theweight vector modelling the preferences of DMs. For the
sake of simplicity, let us assume trgf., w; = 1 (normalized weights).

gj(a;) is theevaluation of actiona; on criteriong; foralli € I andj € J.
e M is the evaluation matrix composed @f(a;) for all i € I andj € 7.
The following comprehensive binary relations are usedahatv to comparer; andby,:

e P is thestrict preference relation, that isy; Pb, denotes the relatiory; is strictly preferred
overb".

1 is theindifference relation, that isi;Ib, denotes the relatiord; is indifferent tob,”.

Q is theweak preference relation, that isy;Qb;, denotes the relatiory; is weakly preferred
overb,”, which means hesitation between indifference and strietguence.

R is theincomparability relation, that isy;Rb;, denotes that actiom; andb;, are incompara-
ble.

e Sis theoutranking relation, that isy;Sh;, denotes thatd; is at least as good dg".
e ~ is thepreference (weak and strict) relation.

When the relational operator is subscripted (for exanfyleit denotes that the relation holds with
respect to the criterion indexed by the subscript.



The thresholds are denoted as follows:

e g, is theindifference threshold for the criteriong;. ¢ = (q1,...,qx) is the vector of indiffer-
ence thresholds.

e pjisthepreference threshold for the criteriong;. p = (p1,...,pn) is the vector of preference
thresholds.

e v; is theveto threshold for the criteriong;. v = (v1,...,v,) is the vector of veto thresholds.

These thresholds can also vary along the scale of eachiamitemd in ELECTRE TRI they are
always defined on profiles and they can be interpreted adyamaistant (see Roy and Bouyssou,
1993). In what follows we will consider variable threshold®. ¢;(g;(bn)), pj(g;j(bs)), and

vj(8;(bn))-
The comparisons in ELECTRE TRI are based on the pseudaicnitenodel. A pseudo-

criterion is a functiorg; associated with two threshold function&;(-)) andp(g;(-)) satisfying
the following conditions, for alk,b € A (Roy, 1996):

q(gj(b)) —q(gj(a)) > gj(a) — g;(b) 1)
p(g;(b)) —p(gj(a)) > gj(a) —g;(b), 2
and such that, for alt,b € A with g;(a) > g;(b):
alib < gj(a) < g;(b)+q(g;(b)) 3)
aQ;b < g;j(b) +q(g;(b)) < gj(a) < p(g;(b)) (4)
anbﬁgj(b) p(g j(b)) <g](a)' 5)

In Figure 1, an example of a profile scheme is presented gralphi The scheme consists of a
set of four criteria{ g1, g2, g3, g4} with ascending scales, and a set of three categd€ies">,C3}.
The profileb, is the upper bound far, and the lower bound fars. The dashed lines represent two
different actions. The evaluations of actienon the left does not require any kind of preference
information since it fits perfectly on the worst categafy, and therefore it should be assigned
to it. But with a, the situation is different: the assignment®fdepends on the definition of
parameter values of ELECTRE TRI.
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Figure 1: An example of a profile scheme.

2.1 The construction of an outranking relation

The construction of an outranking relation requires thenitédn of credibility indices for the
outranking relations;;Sb, andb,Sa;. Let p(a;,b,) denote the credibility index of the assertion
a;Sby,. Itis defined by using both a comprehensive concordancejrdie, b, ), and a discordance
index for each criteriorg; € F, that is,d;(a;,by), for all j € 7. The definition ofp(by,a;) is
similar, with the exception that the thresholds in ELECTREl &re always computed based on
the criterion value of the profilg,. In what follows we only exemplify the computation for the
relationa;Sbhy,.

2.1.1 The comprehensive concordance index

The concordance index is computed by considering indivigidiar each criteriong; the support

it provides for the assertion;S;b,. The partial concordance index is a fuzzy index measuring
whether actiony; is at least as good as profikg on criteriong;. The partial concordance indices
are computed as follows, for alle 7, i € I, andh € B:

1, if gj(a:) > g;(bn) —q,(g;(bn)),
0, if 8j(a')<8j(bh)— pj(8j(bn)), (©)

gila) s (8,(0) ~¢;
Pj (g/(bh)) —qj (gj(bh))

cjlai,by) =
otherwise.

Thereforec(a;,b;,) increases linearly from 0 to 1, when(a;) increases in the range

[j(bn) — pj(gi(bn)), &i(bn) —aq;(g;(bn))].

The definition of the partial concordance index is illustchgraphically in Figure 2.
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Figure 2: The partial concordance indexXa;, by,).

After computing the partial concordance indices, the cahensive concordance index is calcu-
lated as follows,

c(a;,by) = ijcj(a,-,bh). @)
JjEJ

2.1.2 The partial discordance indices

The discordance of a criteriogy describes the veto effect that the criterion provides ajaire
assertior;S ;b,. The discordance indices are computed separately foritiar A discordance
index is also a fuzzy index, and it reaches the maximal valuenveriteriong ; puts its veto against
the outranking relation. It is minimal when the criterignis not discordant with that relation. To
define the value of the discordance index on the intermedi@te a linear interpolation is used.
The partial discordance indices are computed as followsalfg € 7,i € I, andh € B:

1, if gj(ai) < g;(bn) —v;(g;(bn))

<
di(a;,by) =4 0, if gj(ai) = g;(bn) — pj(g;(bn)) (8)

8i(bn)—gj(ai)—p;(g;(bn))
V/(gj(bh)) Pj( i (n

)’; , otherwise.

Therefored;(a;,b,) decreases linearly from 1 to 0, whef(g;) increases in the range
lgj(bn) —vi(gj(bn)), &i(bn) — pj(g;(bn))]-

The definition of the discordance index is illustrated gieglty in Figure 3.
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Figure 3: The partial discordance indéxa;, by,).

2.1.3 The credibility index: a fuzzy outranking relation

The outranking relation is constructed by defining the didithi of the assertiony;Sb;, as follows

1—d;(a;,by) .
claiby) [[5—1——, iV #£0,
p(ai,bp) = ( )jl;[, 1—c(ai,by) (9)
c(ai, by), otherwise,
with
VZ{jE] :dj(a,',bh) >c(ai,b;1)}. (10)

Notice that whenl;(a;,b;,) = 1 for anyj € 7, this implies thap(a;,b;) = 0.

2.1.4 Converting a fuzzy relation into a crisp one

After determining the credibility index, thk-cutting level has to be defined. The cutting level
is used to transform the fuzzy outranking relation into agmne. It is defined as the smallest
credibility index value compatible with the assertig§b,,:

p(ai,by) >N = a;Sby,
p(ai,bh) <A= ﬁCl,’Sbh
(b, ai) A= bpSai
( ) <A = —b,Sa;

(11)

=)

p bh>ai

TheA should be in the range [0.5,1], and it describes the summafithe weights of the coalition
of criteria that must support the assertigfb,.



2.2 The exploitation procedure

The objective of the exploitation procedure is to exploi thinary relations introduced in the
previous sections in order to assign actions to categories.

2.2.1 Comparing actions with profiles

The actiorny; and the profilé,, can be compared by using the obtained relations. Basedfenadtit
combinations, an actiag} can be preferred to a profilg () or vice-versa, they can be indifferent
(I), or they can be incomparabl®)( The fuzzy outranking relation can be decomposed intoethes
crisp relations as follows:

1. a;1by, & a;Sby N\ bpSa;

2. a; = by, & a;Sby N —b,Sa;
3. by, = a; & —a;Sby N\ bpSa;
4. a;Rby, & —a;Sb, N\ —bySa;

The different possible relations are illustrated in Figdre

ailbh
a; >~ bh

bh - aj

a,'Rbh

Figure 4: Definition of-, I, andR based on the outranking relatién



2.2.2 Two rules for assigning actions to categories

The sorting procedure extends two well-known proceduries:cbnjunctive and the disjunctive
(Figueira et al., 2005b). Based on these logics, there apeptygsible exploitation rules: the
pessimistic and the optimistic. Let us consider two morefifgs”, by (which every action is
preferred to) and, (which is preferred over all actions), and fetlenote thelominance relation.
The profiles must be connected with the dominance relatidallasvs:

biAbi 1A ... AbyA ... AbiAbg. (12)

These are two possible rules for assigning actions to caexjo

The pessimistic rule: In the pessimistic rule, an actiom is successively compared with
by,br_1,..., until a;Sbh;_1. Theng; is assigned to the best categdhysuch that;Sby, 1.

The optimistic rule:  In the optimistic rule, an actios is successively compared witg, b1, . . .,
until b, = a;. Theng; is assigned to the worst categdry such that,, - a.

3 SMAA-TRI

The fundamental idea of SMAA is to use Monte Carlo simulafarexploring the weight space in
order to provide DMs with values characterizing the probld@ime SMAA methodology has been
developed for discrete stochastic MCDA problems with rpldtiDMs. The SMAA-2 method
(Lahdelma and Salminen, 2001) applies inverse weight spaalysis to describe for each action
what kind of preferences make it the most preferred one, awepit on any particular rank. In
SMAA, the criteria evaluations can be generated based dtvagbdistributions, or they can be
sampled from an external source.

SMAA-TRI is developed for parameter stability analysis afEEETRE TRI, and consists of
analyzing finite spaces of arbitrarily distributed paragnetalues in order to describe for each
action the share of parameter values that assign it to differategories. We analyze the stability of
weights and the cutting level, and consider the remainimgraters to have deterministic values
for easier comprehensibility. The method can easily benelde to consider non-deterministic
values for thresholds.

For analyzing ELECTRE TRI, we will denote the input for ELERE TRI in SMAA-TRI as
follows:

1. The lambda cutting level is presented by a stochasti@albiiA with a density function
fL(A) defined within the valid range [0.5,1].



2. The weights are represented by a weight distribution withint density functionfy (w)
in the feasible weight spac®. Total lack of preference information is represented in
“Bayesian” spirit by a uniform weight distribution W, that is, fi (w) = 1/vol(W). The
weights are non-negative and normalized: the weight sggaaeri — 1 dimensional simplex
in n dimensional space:

W:{weR”:wzoandijzl}. (13)
=1

3. The data and the other parameters of ELECTRE TRI are remexs by the sel =
{M,B,q,p,v}. Recall thatM is the criteria evaluation matrix anlis the set of profiles.
These components are considered to have deterministies/éduthe sake of simplicity.

SMAA-TRI produces category acceptability indices for adlirs of actions and categories.
The category acceptability inde¥ describes the share of possible parameter values that have a
actiong; assigned to categowy,, and it is most conviniently expressed percentage-wisé dt
generalization of the rank acceptability index of SMAA-2afidelma and Salminen, 2001). Let
us define aategorization function that evaluates as the category indeto which an actiony; is
assigned by ELECTRE TRI:

h=K(i,Aw,T), (14)

and a category membership function

1, if K(i,A\w,T)=h,

ml' (A, w,T) = 15
( ) 0, otherwise, (19

which is applied in computing the category acceptabilityex numerically as a multidimensional
integral over the finite parameter spaces as

= / ' fi(A) fw (wyml (A, w, T) dwdA. (16)
0 wew

The category acceptability index measures the stabilith@hssignment, and it can be interpreted
as a fuzzy measure or a probability for membership in thegoaye Evidently, the category accept-
ability indices are within the range [0,1], where O indicatkat the action will never be assigned
to the category, and 1 indicates that it will be assigned ¢octitegory with any combination of
feasible parameter values. For each action, the accapeabibr different categories sum to unity.
If the parameters are stable, the category acceptabiliiges for each action should be 1 for one
category, and 0 for the others. In this case the assignmentaal here to be robust with respect
to the imprecise parameters.

The category acceptability indices provide a measure dtainity for the results of the sensi-
tivity and robustness analyses as they were considered&CERE TRI. While traditional way to

10



perform sensitivity analysis in ELECTRE TRI is to considee extremes of what can be consid-
ered possible values for the imprecise parameters (Merald, @004), the category acceptability
indices consider the whole space which can be determinédanbitrary joint probability distribu-
tions. Therefore, while robustness analysis for ELECTRE(CRas et al., 2002) provides a result
such as “depending on the parameter values, the actioniggmadseither to category 2 or 3”, the
SMAA-TRI provides the result as “the action is assigned ttegary 2 with 5% of the feasible
parameter values, and to category 3 with 95% of the feas#ianpeter values”.
There are three advantages gained with the additionalnveton:

1. The cognitive effort required in determining the extrenoé the parameters considered in
the sensivity analysis is reduced, because the space castdyenthed to be, for example,
uniformly distributed and thus small changes in the intedeanot change the results dra-
matically.

2. Quantifying the amount of parameter values that resuliristable” assignment determines
the risk related with imprecise parameters. This will ldderdemostrated in the re-analysis
of the case study.

3. Weight elicitation techniques provide different weightues, and thus it seems more rele-
vant to elicit the weights as imprecise values rather thdaardenistic ones (see Tervonen
et al. (2004)).

In addition to providing parameter stability analysis, SMARI also allows ELECTRE TRI
to be applied when multiple DMs with conflicting preferengesticipate in the decision making
process. The method allows arbitrarily distributed wesgland therefore they can be defined,
for example, as intervals containing the preferences ddils (Lahdelma and Salminen, 2001).
In this case the results of the analysis (the category aabitipt indices) can be used to find
assignments accepted by majority of the DMs. Also the ex@seai parameter combinations that
assign actions to certain categories can be computed sinewitisly with the parameter stability
analysis.

The category acceptability indices are computed throught®l@arlo simulation, quite sim-
ilarily as in SMAA-2. The algorithms for SMAA-2 together \hitanalyses of complexity and
running times have been presented by Lahdelma and Terv@®®4), For more information
on weight generation technique and handling of preferenfmmation, we advise the reader to
consult Lahdelma and Tervonen (2004).

The ELECTRE TRI procedure is illustrated in Figure 5, and 8MAA-TRI simulation
scheme in Figure 6. The algorithms for ELECTRE TRI are pregidh Appendix A, and the
algorithms for SMAA-TRI in Appendix B.

11
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Figure 5: The ELECTRE TRI procedure.
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Figure 6: The SMAA-TRI simulation scheme.
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4 Case study: experiments and results

In this case study we re-analyze the recent real-world egidn of ELECTRE TRI in the field of
risk analysis. The original analysis is presented by Metad. €2004). The study concentrates on
France’s Lorraine region, where iron has been mined for rttaae a century. The underground
mining tunnels have caused land subsidence, which hasdcaugdings to collapse. The object
of this study was to partition land into zones and assigretzeses into predefined risk categories
in order to decide which zones need constant surveillance.wW re-analyze the assignment
procedure by using the data provided in the case study.

The assignment phase consists of 10 homogenous zone§giig. . ., a1, that are evalu-
ated in terms of 10 criteria,...,g10. The criteria are presented in Table 1 (adapted from Merad
et al., 2004). There are 4 risk categories where the zonet dre assigned, Category 1 is for
zones with highest risk and Category 4 for lowest. The rigkgaries are separated by the three
profilesby, by, b3. Performances of the zones together with profiles and thléstare presented
in Table 3 (adapted from Merad et al., 2004). The authors tise&Revised Simos’ procedure by
Figueira and Roy (2002) to elicit the criteria weights. Tdesights are presented in Table 2.

The authors of the original case study used lambda cuttive kf 0.65, but also analyzed
the sensitivity of the results by altering the lambda to 0.75, 0.8, and 0.85. In the sensitivity
analysis also different profiles were applied, but the astda not provide them in the paper. The
results including the sensitivity analysis are presentetiable 4.

We performed stability analysis to this case study with SMARI. We chose cutting level to
be represented by a stochastic variable uniformly digteibin the range [0.65,0.85]. The feasible
weight space was defined with constraints provided in Tablkh&se constraints are not probably
the best constraints possible, as quantifying the impmtishould have been done along with the
original case study.

14



Table 1: Criteria of the case study.
No. Criterion Nature Units Encoding (scale) Direction
risk increase

G1. Susceptibility of the mine to collapse

g1 Corrected mean stress Quanti.  MPa kx 925xH +
applied on pillars

g2 Existence of fault Quali. (code) 0:no; 10: yes. +

g3 Superimposition of pillars Quali. (code) 0: only one minayédr; +

10: two well superimposed layers
or thick intermediate layerX 7 m);
40: two bad superimposed layers
or thin intermediate layer 7 m).

g4 Size and regularity of Quali. (code) 0: large pillars; +
pillars 10: small regular pillars;
20: small irregular pillats.
gs Sensitivity of rock to Quali. (code) 0: no sensitivity; +
flooding (depending on the 10: sensitive;
rock type) 20: very sensitive;

30: highly sensitive.
G2. Surface sensitivity

g6 Depth of the top mined layer  Quanti. m Given on maps. Called H. -

g7 Maximum expected Quanti. m Deduced from subsidence models+
subsidence CalledA,,.

g8 Expected surface Quanti. mm/m €max= 1.5x % +

deformation (deduced from
subsidence models)
g9 Zone extent Quanti.  kf Given on maps. +
£10 Vulnerability of building Quali. (code) 5: commercial zaye +
10: isolated zones;
20: grouped houses;
30: long buildings;
40: urban road;

Table 2: Weights of the case study.

Weight w1 wo w3 wq wsg wg wy wg wg w10
Non-normalized 5 1 1 1 5 1 1 20 1 10
Normalized 0.109 0.022 0.022 0.022 0.109 0.022 0.022 0.435.0220 0.217

SMAA-TRI was executed with 10000 Monte Carlo iterationseThasulting category accept-
ability indices are presented in Table 6. Visualizatiorheftesults is important in SMAA methods,
especially if there is a large amount of actions and/or GaiteBecause the categories are ordered
and therefore upwards inclusive, they are visualized wihked columns in Figure 7.

The results of the re-analysis show the usefulness of SMA&RA-Although the stability anal-
ysis results are quite different from the ones by Merad ef28l04), SMAA-TRI provides more
information. For example, compare the sensitivity analyssults for Zone 5 in Table 4 and the
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Table 3: Criteria performances, profiles, and thresholds.
Zone Criterion

81 82 83 84 85 86 87 gs 89 810
a 5.8 10 0 20 0 35 2.37 6.8 3.6 20
as 4.8 0 40 0 0 70 1.28 1.83 0.2 10
as 9.7 10 10 0 30 200 1.67 0.84 7.4 30
a4 10.4 10 10 10 30 203 1.68 0.83 9.0 20
as 9.7 0 10 0 10 222 1.2 0.54 1.8 20
ag 9.8 10 0 20 0 50 1.27 2.54 6.7 20
az 12.3 0 0 0 30 155 0.96 0.61 14.1 10
ag 11.2 10 0 0 30 180 0.71 0.39 6.4 20
ag 11.3 0 40 20 0 115 2.18 1.89 25 10
a0 11.0 10 0 10 30 180 0.31 0.18 2.6 20
Profile
by 14 10 40 20 20 110 1.8 1 35 30
by 10 10 10 10 10 150 1.4 0.82 20 20
b3 8 0 10 10 10 190 1 0.63 6 20
Threshold
q 0.05 0 0 0 0 10 0.1 0.05 0.5 0
p 0.1 0 0 0 0 20 0.2 0.09 1 0
Table 4: Original results of the case study and sensitiviglysis.
Zone Result Sensitivity Analysis
ai Category 1 Categories 1 and 2
ap Category 1 Categories 1 and 2
as Category 2 Stable
as Category 2 Stable
as Category 4 Categories 3and 4
as Category 1 Categories 1 and 2
ay Category 3 Categories 3and 4
as Category 4 Categories 3 and 4
ag Category 1 Categories 1 and 2
aio Category 4 Stable

category acceptability indices for the same zone in TablEh@. original sensitivity analysis gives
information that Zone 5 can be assigned to risk categories43 and with this information the
DMs (especially if they are risk-aware) should treat theezas it would be assigned to risk cate-
gory 3, which is of higher risk than category 4. But with théoimation provided by the category
acceptability indices more informed decision can be maglganding our imprecise and uncertain
information about the parameters, we can quite safely (988émability) place the zone in risk
category 4.
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Table 5: Weight constraints for the re-analysis.

Weight Lower bound Upper bound
w1 3 7
w2 0 2
w3 0 2
wa 0 2
w5 3 7
we 0 2
wy 0 2
wg 15 25
wg 0 2
w10 7 13

Table 6: Category acceptability indices.

Zone Category 1 Category 2 Category 3 Category 4
ai 100 0 0 0
ap 100 0 0 0
as 0 100 0 0
as 0 100 0 0
as 0 0 2 98
as 100 0 0 0
az 0 34 54 12
as 0 34 10 56
ag 100 0 0 0
aio 0 34 21 45

In this re-analysis using imprecise weights provides somerésting results. The original
sensivitity analysis considered the assignment of Zonddlfles but by considering the weights
imprecise £30%), the assignment of the zone is quite unstable. With 48% of the feasible
parameter values the zone is placed in risk category 4, andealgrge share of the feasible values
(34%) places the zone in risk category 2. If the original csteey would have been performed
with imprecise weight values, the actions chosen based@agkhignment would probably have
been quite different.
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Figure 7: The category acceptability indices.

5 Conclusions and avenues for future research

Defining parameter values for ELECTRE TRI model is not an ¢asl. Moreover, if there are
multiple DMs with conflicting preferences, it might even Ibepiossible to reach consensus about
weight values. With our approach the possibility to defireerttodel by using stochastic variables
“solves” these problems: the lambda cutting level can benddfivith imprecise value, and the
weights can be defined as intervals containing the prefeseotall DMs.

In this paper we presented the SMAA-TRI method that allowEELRE TRI to be applied
with stochastic values for lambda cutting level and weigfitse SMAA-TRI analysis results in
category acceptability indices for all pairs of actions aatlegories, and these can be used to
analyze the stability of the parameters. The indices carsbd also to derive robust conclusions,
or if not possible, to quantify the “amount of instabilityi the results induced by the imprecise
parameter values.

We presented a re-analysis of the case study in which thellnesé of SMAA-TRI was
demonstrated. By visualizing the category acceptabilifides with stacked columns the un-
certainty related with each assignment decision can beptes to the DMs in a comprehensible
way. We provide the algorithms for the method as appendied,hope that SMAA-TRI will
be applied in future by decision analysts for deriving ratmenclusions when ELECTRE TRl is
chosen as the sorting method.
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Appendices
A The ELECTRE TRI algorithm

ELECTRE TRI algorithm is presented in four sequential phase

e Phase 1 consists of calculating the fuzzy outranking iredioeall pairs(a;,b,) and(by, a;),
forall i € I andh € B. This procedure is presented in Algorithm 1.

e In Phase 2, the fuzzy outranking relation is converted intdsp one as defined in Section
2.1.4. This procedure is presented in Algorithm 2.

e After this, in Phase 3, the crisp outranking relations arveded into relationg, 7, and:-.
This procedure is similar to the scheme presented in Figure 4

¢ In Phase 4 the actions are assigned into categories acgdudthe pessimistic or the opti-
mistic rule. The pessimistic rule is presented in AlgoritBpand the optimistic in Algorithm
4,

The input of the algorithm consists of the basic data:
e A, the set of actions,
e F, the set of criteria,
e gi(a;),Vie I,je 7, the criteria evaluations,
e C, the set of categorie§y, = @, Vh € C,

the preference parameters:

B, the set of category profiles,

w, the weight vector,

qi(gj(bn))¥j € J,Vh € B, the set of indifference thresholds,

pi(gj(bn))¥j € J,Vh € B, the set of preference thresholds,

v;(gj(bn))Vj € 9,Yh € B, the set of veto thresholds,

and the technical paramete(the cutting level), that is defined in general by the deacisinalyst.
The procedure assigns all actions into the pre-defined @aésg The procedure leads to a partition
(output) of the set of actions in subsets or categori€y, ...,Cy:

JCh=A4,and
heC
ChNCr=B,Yhl € Coh# 0.
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1: forie Ido

2. forhe Bdo
3 for j € Jdo
4 if gj(ai) > g;(bn) —q;(g;(by)) then
5: Cj(a,',bh) —1
6: else ifg;(a;) < gj(bn) — pj(g;(by)) then
7 Cj(a,',bh) ~—0
X else (8;(bn))+gj(a:)—gi(bn)
Pjl&i(bn))+gilai)—g;ilbn
> ¢;(aisbn) = =t B st o)
10: end if
11 if g;(ai) < g;(bn) —v;(g;(by)) then
12: dj(a,-,bh) —1
13: else ifg;(a;) = g;(ba) — p;(g;(bi)) then
14: dj(a,-,bh) —0
e else ()8 (a) (2, (6)
16: dj(ai bi) — S o )
17 end if
18: end for
19: c(ai,bp) < X jegwjcj(ai, by)
20: V—{je J:di(ai,by) > c(ai,by)}
21: if V #0then
1-— d‘(ai,bh)
22: p(ai,bp) «— c(a;, by, AR
) )]IE]V 1—c(a;,by)
23: else
24: p(ai,by) — c(a;,by)
25: end if
26: end for
27: end for

Algorithm 1: ELECTRE TRI, Phase 1: Calculating the fuzzy outrankingdedi
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1: forie Ido

2. forheBdo

3 if p(a,by) > Athen
4 a;Sby,

5: else

6: —a;Shy,

7: end if

8 if p(bp,a;) > Athen
9: bpSa;

10: else

11: —bpSa;

12: end if

13:  end for

14: end for

Algorithm 2: ELECTRE TRI, Phase 2: Converting the fuzzy outranking refainto a crisp one.

1. forie Ido

2 h—k

3:  repeat

4: h—h-1

5. until a;Shy,

6:  Cpi1— Cryr1U{a;}
7: end for

Algorithm 3: ELECTRE TRI, Phase 4, the pessimistic rule: Assigns albastinto categories.

1: forie Ido

2 h—0

3:  repeat

4: h—h+1

5. until b, >~ q;

6: Cp<—CpU{a}
7. end for

Algorithm 4: ELECTRE TRI, Phase 4, the optimistic rule: Assigns all atdiinto categories.
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B The SMAA-TRI algorithm

The following symbols are used in the SMAA-TRI algorithm:
¢ Avector of category indices.
K The number of Monte Carlo simulations.

And the following functions and subroutines:

RANDy () Function returning a random weight vector from weight
distribution fyy.

RAND; () Function returning a value from lambda cutting level dis-
tribution f;,.

ELECTRE_TRI(w,A,T) Execution of ELECTRE TRI. Returns a vector, where in
position i is the category index in which actian is as-
signed with the given parameter values. Parameters are the
following: w is the weight vector). is the cutting level, and
T is the vector of parameters that have deterministic values
through the simulation (see Section 2).

The procedure is presented in Algorithm 5.

1: for k< 1to K do
2 W — RANDw()

3 A — RANDX()

4. ¢+ ELECTRE_TRI(w,\,T)
5. forieldo
6

.

8

9

T — w41

:end for

: end for

:forie Ido
10. for he Cdo
11: /K
12:  end for
13: end for

Algorithm 5: The SMAA-TRI algorithm: Monte Carlo simulation to computeetcategory ac-
ceptability indicest!.
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