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Abstract: In this paper several dynamic multi-level location problems are formulated as mixed-integer linear
programs. Both uncapacitated and capacitated versions of the problem are studied. The models presented are
more complete than the ones known from the literature: they are dynamic and consider the possibility of a
facility being open, closed and reopen more than once during the planning horizon. They may include both
upper and lower limits on the used capacity of each facility and may also consider the situation where there
is no flow conservation in the intermediate facilities. Primal-dual heuristics were developed to solve

efficiently the proposed models. Computational results are presented and discussed.

1 Introduction

Multi-level location problems have been widely studied in the literature. Authors studying and
writing about these problems designate them differently: hierarchical, multi-level, multi-echelon,
multi-stage, etc. Generally, the designation of the problem indicates the maximum number of levels
considered: k-hierarchical, k-level, k-echelon location problems refer to problems with, at most, k&
levels of facilities.

The models developed in this research report are designated by multi-level, because it is the
authors’ understanding that this is the most general designation (a multi-level location problem may
not necessarily represent a hierarchical location problem; in the latter case facilities have to be

organized in a hierarchical structure, while in the first case this is not necessarily the case).
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There are several examples in our daily lives that show the importance of considering
multi-level facility location problems: the hierarchical health service system, the hierarchical
education system, the multi-level structure of bank and post-offices organizations, etc. These
facility structures have some common features and some important differentiating characteristics.
One can say that a multi-level facility location model is needed whenever the facilities to be located
can be grouped in sets (levels) having different characteristics (by offering different services to
clients, for instance) and interact with each other so that is not possible to locate facilities in each
set independently from the others. The existing links between the different kinds of facilities can be
implicit (in the form of a constraint that limits the global budget that can be spent globally), or
explicitly determining the flow of clients between facilities (Daskin, 1995).

Narula (1984) attempts to classify the hierarchical location-allocation problems. He
differentiates the problems through the facility hierarchy (successively inclusive — a facility in level
m offers all services of facilities in levels 1 to m-1 plus services of level m; successively exclusive —
a facility in level m offers services unique to it); arc and node flow discipline (flow is integrated if it
is from any lower level to any higher level or is discriminating if the flow is from level m to level
m+1; a unipath network is a network where the positive degree of every node is less than or equal to
one, whereas in a multipath network the positive degree of at least one node is greater than one). To
completely specify an hierarchical location-allocation problem it is needed to state the number of
levels, the type of facility hierarchy, the arc and flow discipline. Nevertheless the classification
scheme presented is not exhaustive, as the author remarks. Daskin (1995, pp 317-333) gives the
basic notions of hierarchical facilities, and describes some models: median-based, coverage-based
hierarchical location formulation and some extensions to those cases.

The models described in the literature are, almost exclusively, static problems. Some consider
the uncapacitated others the capacitated version of the multi-level problem.

Moore and ReVelle (1982) describe a real case of successively inclusive hierarchical service
location problem. They consider as objective the minimization of the population that lacks access to
one or more components of service. A population is covered by a given level of service if some
member of the facility hierarchy eligible to provide that service is located within a maximum
established distance. The linear relaxation of the problem is solved, followed by a branch and bound
procedure whenever necessary. Tien et al (1983) develop and solve two models with applications in
the hierarchical health facility location-allocation problem. Tcha and Lee (1984) present a branch
and bound algorithm based on a dual ascent procedure (similar to the one developed by Erlenkotter,
1978) for the multi-level uncapacitated facility location problem. Ten years later, a paper by Barros
and Labbé (1994) prove that the multi-level uncapacitated facility location problem is not

submodular, and question the validity of the branch and bound procedure described in Tcha and Lee
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(1984). Ro and Tcha (1984) describe a branch and bound algorithm for resolution of the two-level
uncapacitated facility location with additional constraints that represent the adjunct relationship of
some warehouses to a certain plant (if a plant is open, there is a set of warehouses that have to be
also open). Narula and Ogbu (1985) use lagrangean relaxation with subgradient optimisation to
solve a two-hierarchical uncapacitated successively inclusive location problem. The model
considers the location of p; facilities in level 1 and p, facilities in level 2. Only a fraction of the
demand from level 1 facilities is referred to level 2 facilities. Gao and Robinson (1992) investigate
the use of dual-based procedures similar to the ones develop by Erlenkotter (1978) in the resolution
of the two-echelon uncapacitated facility location problem. Aardal et a/ (1996) investigate structural
properties of the uncapacitated two-level facility location problem. Two different formulations are
studied, that use different decision variables (the authors call these two formulations the single and
the multi commodity flow formulations). Edwards (2001) studies several properties and describes
approximation algorithms for the multi-level facility location problem. Bumb (2001) and Zhang and
Ye (2002) describe approximation algorithms for the two level uncapacitated facility location
problem with a maximization objective. Galvao ef a/ (2002) treats a 3-level successively inclusive
facility location model applied to a case study. There is an upper bound on the maximum number of
facilities to locate at each level k, k~=1,2,3. The authors do not consider the existence of fixed
opening costs. Two heuristics are developed to find feasible solutions to the problem. Espejo et al
(2003) treat the maximal covering two-level location problem. A combined Lagrangean-surrogate
relaxation is imbedded into a subgradient optimization algorithm to find lower and upper bounds to
the optimal solution.

Some references on capacitated multi-level problems are also available. Eitan et al (1991)
present a mixed-integer linear programming model, which allows different hierarchical
relationships to be simultaneously present, capacity constraints to be placed both on service types
and service groups and the consideration of both fixed and variable costs. The model is applied to
several literature-based problems and also to a new large-scale problem that fully illustrates the
model capabilities. Bloemhof-Ruwaard et al (1996) present a capacitated version of the two-level
facility location problem. They consider two different model formulations, and compare the quality
of the lower bounds obtained by their linear relaxations with the lower bounds obtained with a
lagrangean relaxation. The authors use LP round-off heuristics and also sequential capacitated
facility location heuristics to find feasible primal solutions. Tragantalerngsak et a/ (1997) develop
and compare six different lagrangean relaxations to the two-echelon, single source capacitated
facility location problem. The lagrangean relaxations are used within a subgradient optimisation
algorithm, and feasible solutions are constructed by heuristics based on a general assignment

problem formulation. In a following paper (Tragantalerngsak et al, 2000), a branch and bound
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method based on the most efficient lagrangean relaxation is presented. Pirkul and Jayaraman (1998)
develop a multi-commodity, capacitated, two-level facility location model. They consider the
location of plants and warehouses. The problem is solved heuristically, constructing a primal
feasible solution from the solution of a lagrangian relaxation (within a subgradient method
optimisation). Chairdaire (1999) treats both uncapacitated and capacitated two-level location
problems in the telecommunications network-planning context. Lagrangean relaxation and
simulated annealing are both used to find feasible solutions. Klose (1995, 1998, 2000) considers a
two-level single sourcing capacitated facility location problem (clients are served from depots that,
in turn, are served by plants). The location decision variables consider only the problem of locating
depots (it is considered that plants are already located at fixed sites). The problem is solved using
lagrangean relaxation followed by a heuristic procedure. The author tries to solve the same problem
using a LP-based heuristic (Klose, 1999): introducing several valid inequalities motivated by the
subproblems contained in the multi-level problem, the LP relaxation is strengthen and solved. A
heuristic procedure builds an admissible solution from the optimal linear solution calculated.
Several computational tests where performed to assess the performance of both resolution
approaches. Jayaraman et a/ (2003) consider a hierarchical facility structure where clients have two
different kinds of demand: demand for basic and specialized services. The model presented intends
to maximize the total demand coverage, allocating levels of services to open facilities and
considering capacity constraints. A lagrangean relaxation followed by a primal heuristic is
developed, and the viability of the approach is demonstrated through the results of extensive
computational experiments.

Dynamic multi-level location problems are described in a few number of more recent papers.
Melachrinoudis and Min (2000) present a real case of dynamic relocating an existing facility that
belongs to a two-level facilities structure. The transition between the existent and the new location
has to be done gradually. The authors consider both capacity and budget constraints and more than
one objective function. No dedicated procedure is developed: the multi-objective mixed-integer
linear problem is solved using a general solver. Hinojosa et a/ (2000) model the dynamic two-
echelon multicommodity capacitated plant location problem. The model considers the possibility of
opening a facility at the beginning of any time period (remaining open until the end of the planning
horizon), and closing an already existing facility at the end of any time period (remaining closed
until the end of the planning horizon). The calculation of admissible solutions is done using
heuristics based on a lagrangean relaxation. Canel et a/ (2001) develop a model for the same kind of
problem, but consider the possibility of a facility being open in more than one time period, not
sequentially. The authors consider reopening and closing costs, but present a non-linear objective

function. The paper describes an algorithm to solve the problem.



There are other interesting aspects of multi-level facility location problems that have also been
treated by some authors. Hodgson (1981) studies a different problem that can be considered a kind
of multi-level location problem: the location of public facilities intermediate to the journey to work.
It is considered that clients have to travel daily from home to work. The objective is to locate public
facilities such that the extra time needed to travel to those facilities is minimized. Madsen (1983)
studies the problem of combined location-routing problems in a system composed of clients, depots
and, at most, one factory. Serra et al (1992) study the problem of locating facilities with a
hierarchical structure when there is competition in the region of interest. The model developed
allows for both the location of new facilities and the relocation of existing facilities. Marianov and
Serra (2001) study a hierarchical location-allocation model where the congestion problem is treated
explicitly: there are situations where clients have to wait on queue for some time before being
served. The authors describe a bi-level heuristic for construction of feasible solutions, and present
the results of computational tests performed.

In this research report several dynamic multi-level location problems are addressed. In section
2 the uncapacitated version of the problem is described, in section 3 the capacitated version with
maximum capacity restrictions and, in section 4, the capacitated version with maximum and
minimum capacity restrictions but with no flow conservation at the intermediate facilities. In
sections 2 to 4, primal-dual heuristics are described that can calculate admissible solutions for the
corresponding problem, based on the work of Erlenkotter (1978), Van Roy and Erlenkotter (1982)
and Guignard and Spielberg (1979). All problems treated in this research report have the following
characteristics that distinguish them from the problems usually referred to in the literature:

1. The problems are dynamic and consider that a facility can be open, closed and reopen more than
once during the planning horizon. It is possible to consider explicitly different fixed opening and
reopening costs (that are, most of the times, clearly different). It is possible to consider the
existence of already open facilities. It is possible to establish minimum functioning time
intervals for a given facility (in some situations, a facility that is open in time period ¢ should be
open for a minimum number of time periods before being closed).

2. The models can be used for both successively inclusive and exclusive hierarchical problems.
The model is also valid for all the arcs’ and nodes’ flow disciplines defined in Narula (1984).

3. The model can deal with paths of facilities with a different number of arcs. In a k-level facility
location problem, it is possible to consider paths with a number of arcs from 1 to k. This is an
interesting feature for both successively inclusive and exclusive problems. Imagine, for instance,
a health facility service system. Patients are advised to go to their nearest health centre, from

there they may be sent to a regional hospital, and from there to a central hospital (whenever it is



needed). Sometimes patients prefer to go directly to regional or central hospitals. In the models
here presented, all these situations can be considered.

4. Tt is possible to consider more than one path constituted by exactly the same facilities, but with
different characteristics. This is an important feature, especially if dealing with more than one
objective function. Imagine a problem where there are two objectives: minimizing total cost and
total travel time. Consider a path constituted by 2 locations. One can consider the locations
connected by a highway and by a national road. The first option will be more expensive but
faster, the second option will be less expensive but slower. Both paths can be simultaneously
considered in the model formulation.

In section 5 some conclusions and future work directions are addressed.

2 Multi-Level Uncapacitated Location Problem

Figure 1 illustrates a possible 2-level network configuration. Clients are assigned to paths, and

not to single facilities.

Figure 1: Example of a 2-level facility network. The symbol O represents clients, and L] represents facilities.

Consider the following definitions:
J=1{1,...,J, ..., n} set of indexes corresponding to the clients’ locations;
I1={1,...,i,..., m} set of indexes corresponding to facilities’ possible locations;
P={1,..., q } setof all possible paths;
P(i)={p e P:ibelongs to pathp };
T = number of time periods considered in the planning horizon (1<t<&<7);

K = maximum number of levels in the multi-level facility structure;'

' K will also be the maximum path length.



c;j = cost of fully assigning client j to path p in period ¢;

FA: = fixed cost of opening a facility i at the beginning of period #, and closing it at the end of
period & (the facility will be in operation from the beginning of ¢ to the end of ¢);

FR: = fixed cost of reopening a facility i at the beginning of period ¢, and closing it at the end of

period ¢ (the facility will be in operation from the beginning of # to the end of &);”
and let us define the variables:

1 if facility i is open at the beginning of period ¢ and stays open until the end
¢_ )] ofperiod&

ait
0 otherwise
1 if facility i is reopen at the beginning of period ¢ and stays open until the end
”if _ of period & .

0 otherwise

xpj

, 1 if client jis assigned to path p during period ¢
0 otherwise '

The definition of variables x;]. was motivated by the work of Tcha and Lee (1984). The main

difference has to do with the fact that each path p can have any number of arcs from 1 to K, while in
the referred to paper all paths are of exactly the same length.

Each path can be constituted by one or more facilities. Each facility can belong to one or more
paths. Consider the two-level example depicted in figure 1. All paths represented are valid.

A path p will be represented by an ordered set (iy, i,..., ix), with k£ < K. If client j is assigned to
path p, this means that client j is served by facility i;, then goes to facility i, and so on, until

reaching facility #.

Definition 1: A path p is said to be open during period ¢ if and only if all facilities i belonging to p are
open during period ¢.
Definition 2: A path p is said to be partially open if and only if p is not open and at least one facility i

belonging to p is open during period ¢.

Definition 3: A path p is said to be closed during period ¢ if and only if all facilities i belonging to p

are closed during period z.

* It is not necessary to consider all possible values for (z,&), &> t. If, for instance, a facility has to be operating for, at

least, s time periods periods after being open, then only pairs (z,£) with £— ¢ > s should be considered.



21 Primal Problem

The dynamic, uncapacitated, multi-level location problem can be formulated as DUMLP:

DUMLP

T T
Mind YD ey + 2. 2.2 Faja + 3.2 > FRir (1)
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ZZ(‘E‘%""?E)SI, Vit (6)

=1 &=t
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(7)
rfe{oll, Vit >1,E>t

The objective function minimizes the total fixed and assignment costs. Constraints (2)
guarantee that, in every time period, each client is fully assigned to exactly one path; constraints (3)
assure that, in every time period, a client can only be assigned to open paths; constraints (4)
guarantee that a facility can only be reopen at the beginning of period ¢ if it has already been open
earlier and is not in operation at the beginning of period #; constraints (5) impose that a facility can
only be open once during the planning horizon; constraints (6) assure that, in every time period,
only one facility can be open in each location. Constraints (5) and (6) need to be considered
explicitly only when there are negative fixed costs. Constraints (3) could be replaced by the

aggregated constraints:
t T
I TAARED VR Vi @
r=1&=t PeP(i)
2.2 Dual Problem and Complementary Conditions
Multiplying constraints (5) and (6) by -1, and associating dual variables v;. with constraints (2),

dual variables wfjp with constraints (3), dual variables u; with constraints (4), dual variables p,



with constraints (5°) and dual variables z; with constraints (6’), the dual problem of DUMLP can
be formulated as D-DUMLP:

D-DUMLP

DRI WD W ()
t i ti

subject to:

v;—Zw;péc;j, Vp, j,t (9)

iep

ZZ D owp + Zu - p, Zﬂ' < FAS, Vit,E=t,--,T (10)

Jj =t peP(i) 7=£+1
ZZ D owp, —u; —Z;z <FR;, Vit >1,E=t,---,T (11)
J 7=t peP(i)
Wyt ;57 20, ‘v’i,j,t,peP(i)

Considering wj, =1;, max{O,v} —c,, }, with anp =1 and 7, >0, Vi,j,peP(i), an equivalent

iep
condensed formulation is obtained:
CD-DUMLP
(T ) TR WD 3 3
t i i
subject to:
5
ZZ 277;1] max{O,v; —c;j}s FAé Zu + 0, +27zl , Vit t,--.T a2)
J =t peP(i) 7=£+1
¢ ¢
3N Spr max{o,v; ¢ f< FRE +ul + 3 a7 Vit >1,E=t,,T 13)
J =t peP(i) =
ul,p,, 7 >0, Vi, j,t

Let us define:

Aé—FAé ZM +pl+27r —zz ZUUPmaX{Ov —c }, vi,t,E=t,---,T 14)

r=£+1 j =t peP(i)

SRf=FR§+u +Zﬂ —Zz Zryupmax{OV -ct } Vi,t >1,E=t,--,T (15)

J 1=t peP(i)

S: —mm{SAf SRf} vit,E=t,---,T (16)

Considering the primal problem DUMLP and its dual CD-DUMLP, the following

complementary conditions hold if in presence of optimal primal and dual solutions to the respective

problems (when there is no duality gap):



2.3 Primal-Dual Heuristic

Vi, j,t, p € P(i)
Vit >1

Vi

Vit

Vit & =t,.,T
Vi t,E=t,.,T

(17)

(18)

(19)

(20)

(21)

(22)

The primal-dual heuristic that has been developed builds admissible primal solutions based on

admissible dual solutions to problem CD-DUMLP, trying to force the satisfaction of the

complementary conditions. If the heuristic calculates a pair of admissible and complementary

primal and dual solutions, then the primal optimal solution has been found. When this is not

possible, the best dual solution found will establish a valid lower limit to the optimal value of the

primal objective function. The heuristic functioning scheme is as follows:

1. Initialisation of dual variables;

2. Dual Ascent Procedure for dual variables v;.;

3. Primal Procedure;

4. Dual Adjustment Procedure for dual variables p;. If the dual solution is changed go to 2;

5. Repeat the Primal-Dual Adjustment Procedure for variables v, until there is no

improvement in the dual objective function value;

6. Dual Adjustment Procedure for dual variables p;. If the dual solution is changed go to 2;

7. Dual Ascent Procedure for dual variables u; . If the dual solution is changed go to 2;

8. Dual Descent Procedure for dual variables u; . If the dual solution is changed go to 2;

9. Dual Adjustment Procedure for variables 7, . If the dual solution is changed go to 2.

This heuristic functioning scheme is equal to the functioning scheme presented in Dias et al

(2004b). In fact, the only procedures that are different from the ones described in Dias et al (2004b)

are the Dual Ascent Procedure and the Primal-Dual Adjustment Procedure for variables v', and the

Primal Procedure. For this reason, only these three procedures are going to be described here.
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2.3.1 Dual Ascent Procedure for variables v
This procedure tries to increase all dual variables v, jeJ', J'< J. When this procedure is

executed in step 2 of the primal-dual heuristic, then J' is equal to J. Otherwise, the set J* is defined
before this procedure is executed. This procedure is a straightforward adaptation of the one

described in Van Roy and Erlenkotter (1982). The only difference is in the updating step of slacks
SA4;, and SRy, with 7<t<£such that v/ > ¢! and peP(i). It is interesting to note that if v/ > ¢!, for
more than one path peP( i), slacks S4° and SR:., with 7 <t < & will be decremented more than
once (this is a completely different behavior, when compared with the single-level case

(Erkenkotter, 1978; Van Roy and Erlenkotter, 1982).

Dual Ascent Procedure for Variables v;.

1. Consider any admissible initial solution {vj} such that v} > c’1 V( )S ©>0,Vit,&>t. For
cach (j.¢), define k(j,t)= minfk : Vi < cjk}. If v, = "V then k(1) « k(j,t)+1.

2. (jut)«(j,t):9 < 1;6 «0.

3. If (j,t)gJ", thengoto 7.

Sé
4. N, < min T<t<EFITA;=0,g0t07.

,. Zmp

peP

t t
>
Vi=Cpi

5. I A, > U0 ! then A, < U —v'1 5 < Lk(j,8) « k(1) +1.
6. For each facility i, SR, < SR; —A' Znyp and SA; « SA; - A Znyp,r_t<§

pEPl pePt
5ol sl
ViZni ViZni

Vi VAL
7. 1f g ##J7,(j,t)« (jt),.59 < g +1. Go o 3.
8. If 6 =1 goto 2. Else STOP.

The calculation of the n;.p parameters can be done in several different ways. One very simple

way is to consider 1. =1/n_, where n, is equal to the number of services belonging to path p.
y Mip » p q ging to path p

Another calculation procedure is motivated by the analysis of step 4 of the dual ascent procedure. It

is straightforward to conclude that 7;, should take smaller values for services i such that the

quotient between S'* = mzn{Sé }, r< ¢t < & and the number of paths including 7 such that v, > ¢/ is

1T

smaller. This procedure is more time consuming than the first, but, in general, calculates better dual

solutions.

11



Calculation of nfjp parameters

1. p1;
2. If vj- > c;j then go to 3. Else go to 9.

3. Ifn,=1,then 77j;, < 1,i € P(i). Goto 8.

4. i< 1.
5. If p € P(i)then go to 6, else go to 7.
L, if v§ > ¢t N
t > J yZ) t t t . i
6. epj <« , I’ll] < Zepj , nljp < Z’ltli’l _l
0, otherwise pePli SIS ny;

7. i<« i+1.1fi > m, then go to 8. Else go to 5.
t

mij

t t yp :
iep

. p < p+1.1f p > g then stop. Else go to 2.

*®

Ne)

Example 1:

Consider a problem with four clients, two time periods and three services organized in two

levels as depicted in figure 2.

Figure 2: 0 Client; O Service.
The admissible paths are: p1=(1,3), p>=(2,3) and p3=(3). Tables 1 and 2 show the assignment
costs for each time period and table 3 shows the fixed (re) opening costs.

Variables V' are initialized as showed in table 4. The dual ascent procedure for variables v/

begins by considering ¢+ = 1 and j = 1. For path p equal to 2, the procedure calculates

.10 8

My = T 0.56 and 77§jp “ 13 0.44. Variable v, can be increased to 18.

For variable v}, the procedure calculates 7., =0.56 and 77},, = 0.44 . If v was increased by 7
(c(’]."(j”) —v}), then slack S4,, would become equal to 1.11-7x0.56 that is less than zero, so Al is

calculated as being equal to 2. No more dual variables vj. are changed because slacks become as

depicted in table 5.
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I 2 3 4 S 2 3 4
p p
1 18 13 17 12 1 9 9 12 14
2 2 6 3 7 2 5 9 9 12
3 22 25 22 26 3 21 29 26 27
Table 1 Table 2
i | FA4), | FA3 | F43 | FR}
1 3 11 20 26
2 10 11 45 29
3 8 9 71 16
Table 3
t 111213 4 i 112 3
1 216|317 FAL | 3 0|0
2 51919112 FAT | 11 | 1 1
Table 4 Table 5

For ¢ equal to 2 and j equal to 1, 73, :773212 =0.5. If the value cj,"(j’t)—vj =4 was

considered, then slack SA221 would be changed to 1-0.5x4, that is less than zero. For this reason A%

is calculated as being equal to 2. After the dual ascent procedure, the final result is depicted in

tables 6 and 7.

N2 34 i | FAY | FA7 | F43 | FRA
1 [18] 8 |3 ] 7 1| 3 [ 11 [ 20 | 26
2 7] 9 J9ln2 2 [ 0 0 | 44 | 28
31 0 0o | 70 | 15
Table 6 Table 7

2.3.2 Primal-Dual Adjustment Procedure for variables v ;
The Primal-Dual adjustment procedure for variables v;. detects violations of the
complementary conditions (17), and decreases the values of some variables v;., increasing slacks

and allowing other variables v to increase. This procedure tries to reduce the number of

complementary conditions violations and, simultaneously, improve the value of the dual objective

function.
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Complementary condition (17) will be violated if there exists at least two open or partially open
t t t t . LI )
paths p; and p; such that v; > ¢, and v; >c¢, .. Notice that it isn’t necessary that paths are open.
They only need to be partially open to violate the complementary conditions.

Diminishing variable v/ will increase all slacks S4; and SR, with 7<¢<& such that v' > ¢! ,

with peP(i). If there are two other dual variables v; blocked exclusively due to slacks that are

increased, then it is possible to improve the dual objective function value. It is interesting to notice
that the violation may occur due to a single facility that belongs to more than one path (in the single
case there had to be at least two different facilities involved).

In the single-level case, the dual ascent algorithm tries firstly to increase variables v; blocked
exclusively by slacks corresponding to a single facility i (Dias et al, 2004a). The dual adjustment
procedure in the multi-level case tries firstly to increase all variables v’ blocked exclusively due to
slacks that are going to be increased (even if corresponding to more than one facility). Consider the
following definitions:

I'={(izé): S;, =0}

I'={i(izE)eland r<1< &

I;” = {i : facility i is open during period 7}

17 = {i 3z, &)withr <t < &and p € P(i)|(i,7,&) eI’ and v} > c;j}

I :{i:ieI,+ and 3p  P(i)such that v/ >c;j}

P :{p.'Eliepsuchthatielt+ and v} >c;j}

J {(jf)];* i and(i,y,f)gf,Vie]f,ySz'£§<t0rt<y£r£§}u{(j,t):I;* c]j*}
N max{c;j v >c;j}
Ny Y

t
¢

Set I” corresponds to (i,7,&), such that S4° and/or SR’ are equal to zero. Set P}-"Lindicates, for

each client j, all open or partially open paths such that vj is greater than the assignment cost ¢,,. A

violation of the complementary conditions (17) is detected by the existence of, at least, one pair (j,f)

such that the number of elements of PjH is greater than one. The set / ;* indicates, for each client j,
all operating facilities during period ¢ that belong to any path p such that v} is greater than the
assignment cost c!.. This means that all slacks S47 and SR;, 7<¢< ¢ with i e/} will be
increased with the decrease in v;. The set / ;* corresponds to the set of all facilities 7 such that there

exists at least one slack SA: or SR, 7 << & blocking variable v'. Set J" represents all dual
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variables that can be increased with the decrease of variable v} . It is possible that variable v’ itself

belongs to set J'*. Nevertheless, this variable won’t be considered in set J" at the first time the dual

ascent procedure is called.

Consider variables v organized as a sequence of pairs (j,f).

Primal-Dual Adjustment Procedure for Dual Variables v;.

1. Initialize (j,t) <« (j,t)1;q<1; 0« 0.
2. If#P;* <1 then go to 9.
3. IfJ"1{(j,2)} = @, then go to 9.
4 For each (55,8 r<r<é 545 545+ Y -c), SRS sRE+ S - )
peP(i) peP(i
V; >C;7j V; >C;j
v§- “— c;_.

t-
Iz
t

JT =J% U{(j,1)}. Execute the dual ascent procedure for variable v -

5. J =J" {(j,¢)}. Execute the dual ascent procedure for variable v

J* =J . Execute the dual ascent procedure for variable v; .

If v has been changed, go to 2.

7. Execute the primal procedure.

8. If there have been improvements in the dual or primal objective function value, then 6 < 0.
Else 0 «ot1.

9. If the primal objective function value is equal to the dual objective function value, or =34y, Or
q ##J xT thenstop;else g «—q+1;(j,t) <« (j,t)y goto2.

2.3.3 Primal Procedure

The primal procedure constructs primal feasible solutions based on dual feasible solutions,
trying to force complementary conditions to be satisfied. Consider the sets 7,, I, and I" defined in
the previous section, and also: I," = { (i,5&) : as=1},Ix ={(i5E): ri=1}, P, = {p:pis
open during period ¢}.

Sets 7, and I," are not necessarily equal, because the primal procedure will always try to open
the minimum number of services, guaranteeing that all clients will be assigned to one open path in
every time period. Furthermore, it is often necessary to insert in set /,” services that don’t belong to
I". Sets I,* and Iz" are built during the primal procedure and determine which services will be (re)

opened, when and for how long.

Definition 4: A path p is considered essential during period ¢ if there is at least one client j that has to
be assigned to path p during period ¢ This happens if and only if

. . t> t t t ! !
JjeJ:v,z2c, nv,<c,; Vp'eP,p'#p.
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Paths considered as essential are the first to be considered open. To open a path p at time period
t all facilities belonging to that path have to be open. This is achieved by inserting all those facilities
in set /,. When opening a path, the primal procedure will often violate complementary restrictions
(21) and (22), by including in set I, facilities i ¢ I,. Whenever path p is open, all other paths p’
such that if iep’ then iep will also be open.

Paths not considered essential will only be explicitly open during time period ¢ if there are
clients j that cannot be assigned to already open paths. In this case, the procedure will open the path
that corresponds to the smallest assignment cost.

Sets I, and Iz" are build based on sets /,", V¢. These sets are built using exactly the same
procedures described in Dias et al (2004a).

Primal Procedure

1. I =I'=3.1 =2Vt Build sets I and I,". Num = 0;
2. For =1 until 7, include in set P;" all paths p such that 3j :vi- > ctpj and vs- < c;,j,Vp';t p.

Update sets P, V¢, including in P,” all open paths pe P,

3. For each client j such that v’ <c! VpeP', include in set P,” path p such that

J i’
cl. = min ct,..Num<—Num+1.
V2 ‘ p
v]-ZC,.
I=p

Include in set /;" all facilities i belonging to path peP,", Vt.
If Num=1then I,” < I," and 1'«Q, P« O, Vi, go to 2. Else go to 6.
Build sets 7, and I . Update I and P,".

For ¢ =1 until 7, assign each client j to path p’eP," such that c; = min {c;j } Calculate Z as
peh’

N oWk

being the primal objective function value.
G=1 A+ U 1 R+-

9. Choose arbitrarily a variable a

S S

7 or r;7 belonging to G and change its value from one to zero. If

the solution remains admissible, recalculate the assignments of clients to open paths. Calculate
Z’ as the primal objective function value of the new solution. If Z’< Z, then remove variable

aii (or rl-i) from set I, (or Ix") and set Z=2".

10. Remove variable al.i (or rf‘;) fromset G. If G=, goto 11. Else go to 9.
11. Test complementary conditions (19)-(21).

Steps 8-10 try to improve the primal solution calculated by decreasing the number of facility
location variables that are considered equal to one. This has proved to decrease significantly the
value of the primal objective function. These steps could also be replaced by a drop heuristic: from
all variables equal to one, choose the one which, when its value is changed to zero, leads to the
greatest improve in the primal objective function value. Repeat the process until there is no
improvement in the objective function value. Such a drop heuristic was tested, but the results

obtained showed that is much more time consuming and the value of the primal objective function
16



obtained is the same as with the execution of steps 8-10. This is justified by the fact that the primal
procedure considers more variables equal to one than the ones strictly needed (because the opening
of a path consists in opening a set of facilities, that most of the times open implicitly other paths).
These variables will always be considered equal to zero, even if chosen arbitrarily.

Step 11 tries to change the primal solution in order to guarantee the satisfaction of
complementary conditions (18)-(20) that are being violated. This test is equal to the one already
developed by the authors to the single-level case (Dias et al, 2004b).

Considering the dual solution presented in tables 6 and 7, the primal procedure would open

path 2, considering facilities 2 and 3 open from period one to two (a;, =a;, =1). This primal

solution has an objective function value equal to 73, thus it is the optimal solution.

3 Including maximum capacity constraints

In almost all real situations, a facility has an upper limit on the demand it can serve. So, the
inclusion of maximum capacity restrictions in the problem DUMLP is a natural extension.
Consider:

Q;= maximum capacity of facility i during a time period,

x;j = fraction of customer ;j’s demand served by path p, during time period ¢.

d’;= total demand of customer j during time period .

The multi-level, dynamic, capacitated location problem (DCMLP) can be formulated simply by
including in DUMLP constraint (23) below and changing (7) to (7°):

QIZZ(“ +7 ) > Zd§ Xy 20, Vit (23)

r=1&=t j pEPl
a;. € {0,1}, Vi,r, > 1
rf;e{o,l}, Vi,t>1,&>21 (7)
x;j >0, Vj,p,t

The additional set of restrictions (23) establish an upper limit on the total flow that reaches an
open facility i in each time period ¢.
To develop a primal-dual heuristic, it is necessary to observe the changes these additional

restrictions bring to the dual condensed problem formulation. Associating dual variables A to

restrictions (23), the condensed dual problem formulation becomes:
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CD-DCMLP
t
Max) 3 Vi =2 o =227
t i t i
subject to:
< T T T T t ¢ 4 T d T < T
ZZ Z nij-pmax O,Vj—ij—dj Zﬂl SFAZ'Z_ Zui +pl‘+z72'l' _Ql‘zﬂ’i’
Jj t=tpeP(i) iep 1 r=£+1 T=t T=t
vi,t,&=t,---,T (24)
3 T T T T t & t d T d T
ZZ Z nypmax O,Vj—ij—dj Zlil SFRit+ul~+Z7ri _Qizﬂ“i ,
j t=tpeP(i) ijep T=t T=t
Vit,E=t,--,T (25)

t t gt o
Uy Pis7i A 20, Vi, j.t

A decrease or increase in dual variable A, will influence all slacks Sf, . with 7<t<£ such that

P(i) N P(@’) # D, Vi’ e I (in the calculation of Sl?fr , the sum over all paths p € P(i") will consider all

values of A, such that i belongs to p).

The primal-dual heuristic’s functioning scheme presented for the uncapacitated case remains

valid for the capacitated case, with two additional steps:

10. Dual Ascent Procedure for dual variables A;. If the dual solution is changed, go to 2.
11. Dual Descent Procedure for dual variables A; . If the dual solution is changed, go to 2.

The dual and descent procedures for variables A; will be described in the next two sections.

The development of these procedures followed the work of Guignard and Spielberg (1979),
Saldanha da Gama (2002) and Dias et a/ (2004b). The primal procedure will have to be changed (it

is necessary to test the satisfaction of the additional capacity restrictions). The dual ascent and

Primal-Dual adjustment procedures for variables v; remain valid being only necessary to consider

the assignment costs equal to c;/. + d_j. Z ﬂ; . All the remaining procedures are not changed.
iep

3.1 Dual Ascent Procedure for Variables il?

If variable A; is increased, then the left hand side of constraints (24) and (25) will diminish.

The maximum change that should be considered is such that all those values became less than or
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equal to zero. Considering that variable A; is increased by &, then & should be less than or equal to

A(i) such that:

t t t t
vi—c,—d; Z}“il
Ali)= max asp 26
(i)=ma 7 (26)

peP(i)

Consider the following definitions:

V;' _C;j _d;Zﬂgl
JP(i,i',8)=1(j,p): jeJ n pePl)nPi')A T <6, (27)
J

V;' _C;j _d;'zﬂ“;l
JPGi,i",6)=1(j,p): jeJ A pePli)nP{')A T 1 >6¢. ( 28)
J

Proposition 1: If dual variable A is increased by & €]0,A(i)], then slacks SA;T and SRl.‘f,T, < L€,

Vi’e I such that P(i) N P(i’) # &, will be changed by:

Q(6,i,i) = z M5, Maxq 0,v; —c', —dj.z/”tﬁl + anf,dej’.é' -E (29)
(J.p)esP(ii'5) iep (J.p)esP(ii'5)
O, if i=i
where: E = Qo1 l_l.
0, otherwise

This proposition follows similar results that can be found in Guignard and Spielberg (1979).

This proposition motivates the dual ascent procedure that is now described.

Dual Ascent Procedure for Variables li‘

1. t<«1.
2. i<«1.
3. 0« 0; 0 «+tom.
1
4. 5« max {? max{O, vi—c, —d; X4 }}
p'eP(i) J ep

1 St

th/nax{o,v.tic;y-d;- Z ﬂél <0

J nep

5. Calculate sets JP(i,i’,0) and J_P(i,i’,é) as in (27) and (28), and Q(i,i’,0) as in (29), V i’e I, with
P3i) N P@) # Q.
6. If Q(0,i,i) <0,V i’e I, with P(i) N P(i’) # &, then go to 11. Else go to 7.
7. If 37’ e I, with P(i) N P(i’) # &, such that SAS + Q(5,i,i") < 0 or SR: +Q(5,i,i") < 0, <t<¢, then
go to 8. Else go to 9.
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8. If 6’=0,then goto 11. Else 0’<«odand go to 4.

9. A « A + & SA, «SA;, + Q(8ii’) and SR;, < SR; +O(5i,i"), w<t<& V i’el such that
P@NP@G) = D.

10. Execute the dual ascent procedure for variables v, with J =

11. i<« i+1.1f i > M then go to 12. Else go to 3.
12. t <t +1. If ¢t > T then stop. Else go to 2.

Example 2:

Consider a problem with six clients, three services organized as in figure 2, and two time
periods. The clients have a known demand that is equal to 56, 22, 76, 58, 9 and 57 in time period 1
and equal to 59, 22, 78, 61, 8 and 58 in time period 2, for j = 1,...,6. Services have maximum

capacities equal to 149, 216 and 451. Imagine that the first time the dual ascent procedure for
variables 1} is executed variables v, take on the values presented in table 8, all other dual variables

are equal to zero and slacks have values presented in table 9.

J 1 2 3 4 5 6

1 3584 1474 | 6968.38 | 3770 | 531 | 2850
3220.29 | 990 4992 2623 | 336 | 2610

Table 8

SAill SA121 SAZZZ SR122
605.09 | 654.66 | 5684.57 | 5797.57

126.30 0 4333.70 | 2170.70
3920.84 0 6559.16 | 6261.16

Table 9

W N | = | ~.

Considering variable ﬂ& : 0« +oo; P(1)={1}. The value of ¢ is calculated as:

S« max{i max{0,3584 — 2968},i max{0,1474 — 1034},imax{0,6968.38 — 4788,
56 22 76
%max{0,3770 - 3770},émax{0,53 1-53 1},%max{0,2850 — 2679}} = 28.69

Q(28.69,1,1) = (3584 — 2968)),, + (1474 —1034)p,,, +(6968.38 — 4788)n71,, + 0+ 0 +
(2850 —2679)p,,, —28.69 x 149

Considering  7!,,=0.32, 75, =076, 7.,=077 and 7', =087, then
Q(28.69,1,1) =-1925.33. Variable /1% cannot be increased by o because the procedure detects that

slack S4,, would become less than zero. The value of & is changed to 28.69 and the procedure is
repeated, obtaining ¢ equal to 20.
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Q(20,1,1) = (3584 —2968)x 0.32 + (1474 —1034)x 0.76 + 76 x 20 x 0.77 + 0+ 0 +
(2850-2679)x 0.87 —20x149 = —~1137.27

This change is still not admissible, so 0’ is changed to 20 and 6 will become equal to 11.

Q(11,11) = (3584 —2968)x 0.32+22x 0.76 x 11+ 76 x11x 0.77 + 0+ 0 +
(2850 —2679)x 0.87 —11x149 = —470.97

All slacks S, will continue greater than or equal to zero. Slacks S are not changed because
P(1)nP2)=¢.

Q(11,1,3) = (3584 - 2968)x 0.68 + 22 x 0.24x 11+ 76 x11x 0.23+ 0 + 0 + (2850 — 2679)x 0.13

=696.96
This means that slacks S;., 7< 1 < & are going to be increased. The updated slacks’ values, are

shown in table 10. The increase in variable /1% allows the improvement in the dual objective

function value, because variable vlz is increased to 3641.46. Table 11 shows the slacks’ values after

the execution of the dual ascent procedure for variables v§ .
i| osal | s4f | s4d SR?, i | s4} SA3 Sa3 SR?
1 | 134.13 | 183.69 | 5684.57 | 5797.57 1 | 134.13 38.32 | 5539.19 | 5652.19
2 | 126.30 0 4333.70 | 2170.70 2 | 126.30 0 4333.70 | 2170.70
3 14617.80 | 696.97 | 6559.16 | 6261.16 3 | 4617.80 0 5862.20 | 5564.20
Table 10 Table 11
|

3.2 Dual Descent Procedure for Variables ﬂ,-t

If dual variable 1 is decreased all values v/ —c, —d' > A
ilep

. » with pe P(i), will be increased.

Consider a decrease in A; such that all those values that are less than zero remain that way. This

means that 4] can be decreased by & such that:

. L(, L g
0<5< min, {—z(vj—c;j—djigplqj} (30)

t_t gt t J
Vit dj Z/li1<0
ilep

Once again all slacks S45 and SR:

T i't?

r<t< & Vi'e Isuch that P(i) N P(") = &, will be

changed.
Proposition 2: If variable A/ is decreased by a value Jin the interval defined by (30), then S4> and

SR, t<t< ¢, Vi’e I'such that P(i) N P(i") # I, will be changed by:
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@(5,i',i)=5| E-) Zd% , (31)

jeJ peP )(WP
t t t t
Vi) 2 4, 20

iep

0. if i=i

where E = .
0, otherwise

This proposition follows similar results that can be found in Guignard and Spielberg, (1979).

Proposition 2 motivates the following dual descent procedure.

Dual Descent Procedure for Variables li’

1. t<«1.
2. i<l
3. S« miniZ;, min _ L Vi—c' —d"'3S A
: i jed, peP([) d[ J yJi J . 7 :

l t t 13
ViTCpi )y 4, <0
ijep

4. Calculate ®(0,i°,i) as in (31), V i’e I, with P(i) N P(i’) # <.

If ®(5,i°,i) <0,V i’e I, with P(i) " P(i’) # J, then go to 10. Else go to 6.

6. If3i’e I, with P(i) N P(i’) # &, such that SAS + ®(5,i°,i) < 0 or SR; +®(5,i°,i) < 0, <t<¢, then
go to 7. Else go to 8.

e

£
7. 0« min {—(L}.Ifdzomengoto 10. Else go to 8.

<< Dlo,i'i))o
85 +®(5.0%0)<0 : l)/
8. A « A -8 SA;, < SA;, + ®(5i1°,i) and SR}, <~ SR; + @ (5,4°,i), <t<& V i’ I such that P(i)
N P@i%) = J.

9. Execute dual ascent procedure for variables v(’]. , withJ = J.

10. i «—i+1.If i > M then go to 11. Else go to 3.
11. ¢t < ¢t +1. If ¢t > T then stop. Else go to 2.

Example 3:

Considering example 2 and variable /1% equal to 11. Then, for i’ equal to 1 the procedure
calculates:

Zd M1, =56x0.37+76x0.77+57x0.87 and d(11,1,1)=149-128.83 =20.17

t t
Vi Clj —d >0

Considering i” equal to 3 (it is not needed to consider i’ equal to 2 because P(1)NP(2) =) the

procedure calculates CI)(l 1,3,1) = —60.17 . This means that slacks Sl.i , 7<t < & will increase for 77
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equal to 1 and decrease for i’ equal to 2. Slack SA32 11s equal to zero, which means that o will be

equal to zero in step 7 of the procedure, so the dual variable is not changed.

3.3 Primal Procedure

The primal procedure that builds admissible solutions to DCMLP is very similar to the one
describe for DUMLP. After building sets 1,7 and Iy, it is necessary to test the satisfaction of the
maximum capacity restrictions. The assignment of customers to paths is achieved by solving T’
transhipment problems. If the transhipment problem is not feasible for some time period ¢ then it
will be necessary to open more paths (notice that it is not possible to establish a necessary and
sufficient condition of the form fotal capacity of open facilities greater than or equal to client’s
total demand to test the admissibility of a given solution, as happens in the single level case). To
choose what path to open, the procedure calculates the minimum cost of opening a path p by
considering the costs of opening all services belonging to p that are not operational during time
period ¢. Consider:

F/ = minimum cost of opening facility i¢J,” during period ¢;

H fv = minimum cost of opening path pgP," during period ¢;

P

1, if P
el = 1pe‘t ,Vp,t;ni’:Ze;.
0, otherwise peP(i)

Primal Procedure

1. Execute step 1-6 of the DUMLP’s primal procedure.

2. t<« 1.

3. Solve a transhipment problem considering as sources the set J of clients (with supplies d/'), as
destinations the set of facilities iel,” belonging to level K (with demands Q;), and as
transhipment points the set of facilities icZ,” belonging to levels 1 to K-1 (with demand and
supply equal to Q;). If the problem is not feasible go to 4. Else go to 8.

4. If peP,", Vp then stop. The problem is infeasible. Else go to 5.

5. Calculate H ; = ZFl-t and Cap, = n@n{%}, VpeP, .

iep i
gl
H, H
6. Choose path p’ such that P — min P

Cap,  pepr|Cap,

7. Open path p’, including p’ in set P, and i in set I,", Viep’. Go to 3.
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8. t<«t+1.Ift> Tthen goto 9. Else go to 3.
9. Calculate Z as the current primal objective function value.

10. Execute steps 8-10 of DUMLP’s primal procedure.

The minimum cost of opening a facility i during period ¢ (F}) is calculated as described in Dias
et al (2004b). Calculation of Cap, tries to illustrate the maximum capacity of path p. The maximum
capacity of path p is determined by the facility iep with minimum capacity. If facility i belongs to

more than one path, its capacity is considered to be equally divided by all open paths.

4 Paths Without Flow Conservation
Consider that facilities i belonging to levels 1,...,K-1 have a parameter &, such that if a flow of
d; units reaches i then this facility will only pass to the next facility a flow d;6, (see figure 3). This is

a generalisation of DCMLP, where 6 is equal to one for all facilities.

di d:6:

A 4
v

i

Figure 3

There are several examples where one can find this kind of behavior in intermediate facilities.
In solid waste treatment systems, incinerators receive a certain amount of waste to burn, and only a
small part of it (in the form of ashes) has to be placed in landfills. In a health facility structure, only
a small group of clients that are served in local health centres have to be conducted to local
hospitals.

The consideration of parameters 6 associated with intermediate facilities complicates
extremely the problem, specially the determination of optimal assignments of clients to paths (when
the location variables are already fixed to one or zero). In fact, this assignment can no longer be
calculated optimally through the resolution of transshipment problems.

In the next paragraphs, the primal and condensed-dual formulations are presented, and the
primal-dual heuristic developed is described. The complementary conditions are not stated because
they are very similar to (17)-(22).

The only difference between this problem and DCMLP lies in the maximum capacity

restrictions. Consider the following definition:
Definition 5: Let i and i* be two facilities and p a path such that iep and i’ ep. Then i<i" if and only
P

if facility i appears before facility i’ in the ordered set p.
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The multi-level, dynamic capacitated location problem without flow conservation on the
intermediate facilities (TDCMLP) can be formulated as DCMLP with constraints (32) below

instead of constraints (23).

Qii®+r)ZZM”JP>0 Vi ()

=] &=t J peP i i'<i

Considering the same dual variables as in CD-DCMLP, the condensed-dual problem becomes:

CD-TDCMLP

T2 3) ST D 3p 3
t i i

subject to:

T t ¢ I T s T s T
ZZ > nlpmax Ov —-d; 116y 2/1 SFA; — Yuj +pi+ Xm —0i XA,
jr=t peP(i) z<z ijep =£+1 T=t =t

P

Vit,E =t T (33)

t ¢ t < T < T
ZZ > nypmax OV —c d [16; Zl SFR; +uj + Xmi =0 24,
j =t peP(i) l<l ep =t =t
p
Vit,§=t,--,T (34)
uf,pi,ﬂf,lizo, VZ,],t

The primal-dual heuristic functioning scheme is the same presented in section 3, with an
additional step:
12. Calculate the optimal assignment of clients to paths considering sets 7, and P, that

correspond to the best primal solution calculated thus far.

Some procedures had to be slightly changed. Consider d’; = d;- [16; Vi, peP(i), t. The dual
i'<i
p

ijp

ascent and primal-dual adjustment procedures for variables V; do not need to be changed, being

only necessary to consider assignment costs cfjp = c c+d

ijp Z/Ii, , Vi, peP(i), t. The changes in

i'ep
dual ascent and descent procedures for variables A; are a direct consequence of d, definition. In

the dual ascent procedure the definitions (26) to (28) should be replaced by (35) to (37):

25



v<—c ) ljpz

A(i) = max e 4, (35)
et d’.
peP() i'jp
i'ep

JP(i,i",8)=1(j,p): jeJ n pePl)nPi')A 1<p s5 : ( 36)

JPGi,i",6)=3(j,p): jeJ AnpePli)nPi')A a<p >5 : (37)

In this case (6,1, ") is given by:

Q(5i,i") = Z M max{O, Vi —ch - Upz }4‘ 2771 /pdlt]pé' E (38)
(j,p)eJP(i,i’,é') ilep (] P eJP i b
S ifi=1
where: E = 0.1 l_l.
0, otherwise

Step 4 of the dual ascent procedure for variables A; should be replaced by:

1 ‘
4. 0 « max {dt {0’ vj —C;]. i'jp 2/151 }}
<P(i i'jp

jeJ
pePli)
i'ep

RE t it t ’
d’ max{o vl Cp] dl ip z Zl.l <5

J ilep

In the dual descent procedure for variables A;, the following changes should be considered:

(5,i",i)=5| E- ) Zd”pn”p , (39)
jeJ peP )ﬁPl
V/ p/fdlt i 2 ’151>0
ilep

where:

1
0<o6< j 4— A 40

f f t ¢
ViTCpi dt o 2 %<0
iiep



Step 3 should be changed to:

' 1

lEp i'jp
l t t
J ‘pj dl Jp z All <0
ilep

The primal procedure is very similar to the one already presented in section 3. Step 5 is

changed to:

5. Calculate H), = ZF’ and Cap,, = min Zi ,VpeP, .
iep iep|n! [16;

iel; i'<i
P

This change tries to account not only for the number of paths to which facility i belongs, but
also for the relative position of facility i in those paths.

The assignment problem cannot be solved as a transhipment problem (step 3 of the primal
procedure). After calculating sets 7, and P;", the following linear program should be solved to find

the optimal assignments of clients to paths, for each time period #:

AP(?)

Min ZZ%/ . ( 41)

subject to:

zx;jzl, Vj (42)

peR’

> X xlydi 116, <0, Viel" (43)
J peP(i)nP* i'<i
P

X, 20, Vj,p,t

Solving this problem optimally (using a general solver) in each execution of the primal
procedure (and for all time periods) is very time consuming. So, a heuristic was developed to find
feasible solutions to AP(#). This heuristic procedure is used in step 3 of the primal procedure
(instead of the resolution of the transshipment problem). Problem AP(#), V¢, is only solved
optimally at step 12 of the primal-dual heuristic (using a general solver), considering the location

variables that correspond to the best primal solution calculated by the heuristic until that moment.
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Heuristic Procedure for the resolution of problem AP(7)

1. D; «d},Vj. Qip “— %, Vi, peP(i), Cap, < iziin{le },Vpepl+_ x;j «—0,V),p.
i'<i l
p

2. If Cap,=0, VpeP,” and 3 such that D; > 0, then stop: the problem is impossible.

3. For each  client jeJ, with D0,  calculate c,,; < min {c;j} and
« f
ga[f;,>0

t . t t t
| e |
Cpyj < p’gﬁ” {CPJ TCy ZCh NPT Dy
t

Capp>0
4. Choose client j and path p; such that ¢}, ; —c’ . = n}ng{c;y, —Ch }
5. 0« min{D_/,Qm},x;H ~x, +0, 0, <0, -9 ,Viep,, Cap, < Cap, —5, D<—Dj=6.
o 16y
i'<i

Pl

and Cap, < min{Capp,Ql.p}.

6. Vi,peP;, p#p), such thatiepriep, Oip < Oip —

)

1
i'<i
p

7. 1f D;=0, Vj, then stop. Else, go to 2.

Calculation of Q,, expresses the maximum flow that can be assigned to path p due to the
maximum capacity of facility i. The minimum of these capacities corresponds to the maximum
capacity of path p designated by Cap,.

Observation 1:

g

Consider two sets (57 and S;) of location variables az, and r;’;. Consider two admissible solutions

to TDCML constructed by considering equal to one all location variables belonging to S; and S,
respectively, being all the other location variables equal to zero. Let us consider that Z,"<Z,", where
7" and Z," represent the optimal objective function value corresponding to solution S; and S,
respectively. If Z,” and Z’;, represent the objective function value obtained by considering solutions
S, and S, respectively, and solving the assignment problems AP(¢) heuristically, then Z,’>Z," and
Z’ZZZZ*, but it is not possible to guarantee that Z,’< Z’,. This has an important consequence: it is
possible that the primal-dual heuristic finds solutions better than the final solution presented, but
that the heuristic is not able to identify as being better. This short come cannot be solved, unless the
optimal solutions to AP(t) are calculated for every time period ¢, whenever the primal procedure is
executed. As has already been said, that would be prohibitive in terms of execution times.
Example 4:

Consider a problem with four clients and five potential services such that service 1 and 2 are in

level 1, services 3 and 4 are in level 2 and service 5 is in level 3. There are five admissible paths:
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pi=(1,3,5), p»=(1,4,5), p3=(2,4,5), ps=(2,5), ps=(4,5). At period ¢ the clients’ demands are as
follows: d|=15; d;=20; d;=18; d,=22. Services 1 to 5 have maximum capacities equal to 20, 50,
80, 70 and 100, respectively, and 6, values equal to 0.8, 0.5, 0.5, 0.1.

80 100
Step1: O, =20; O, :ﬁ:IOO; Oy, = 08x03 =250;

Cap, = Min{Qll’QN’QSl } =20;
70 100

=20; =—=87.5; = =1250;
On, O 0.8 0s, 0.1x0.8

Cap, = min{Qn:Q@:Qsz } =20,

0,, =50; Q43:(Z_(;:140; O, = 100 =2000;

0.1x0.5
Cap, = min{Q23’Q43’Q53 } =50;

100 :
0,, =50; O, :EZZOO;C‘IIM :mm{Q24’Q54}:50;

100 .
0,5=70; Qs = ol =1000; Cap; = mm{Q45’st } =70.

This information is summarized in table 12.

; 1 2 3 4 5
1 20 | 20 - - -
2 - - 50 | 50 -
3 100 | - - - -
4 - | 875 | 140 | - 70
5 [ 250 | 1250 | 2000 | 200 | 1000
Cap, | 20 | 20 50 | 50 | 70

Table 12
Step 3:

. t t t t

J Coj | D1 | Cppj | P2 Coij " Cmj

1 2 1 2 3 0

2 2 2 4 1 2

3 1 2 4 5 3

4 2 3 2 5 0
Table 13

Step 4: Choose client j equal to 3 and path p equal to 2.

Step 5: 6 «— min{18, 20}=18. D3 «— 0; Values Qip and Cap, are changed according with table 14.
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; 1 2 3 4 5
1 20-18=2 20-18=2 - - -
2 - - 50 50 -
3 100 - - - -
14.4 1.44
140 ——— 70 - ——
4 - 87.5-18=69.5 0.5 - 0.1
=111.20 =55.60
18x0.1x0.8 1.44 1.44 1.44
250 - ————= 2000 — 200——— | 1000 - ——
5 0.5x0.8 1250-18=1232 0.1x0.5 0.5 0.1
= 246.40 =1971.20 =197.12 = 985.60
Cap, 2 2 50 50 55.6
Table 14

Step 4: Choose client j equal to 2 and path p equal to 2.
Step 5: 0 «— min{20, 2}=2; D, < 18; Values Ql-p and Cap, are changed according with table 15

(the bold values are the ones that are changed).

; 1 2 3 4 5
1 0 0 - - -
2 - - 50 50 -
3 100 - - - -
4 - 67.5 108 - 54
5 246 | 1230 | 1968 | 196.80 984
Cap, | 0 0 50 50 54
Table 15
Step 3:
t t [ |
J CP1J P chj P2 cplj Cl?zj
1 2 3 3 4 1
2 4 5 5 5 1
4 2 3 2 5
Table 16

Step 4: Choose client j equal to 1 and path p equal to 3.
Steps 5 and 6 : & «<— min{15, 50}=15 D; <« 0; Values Ql.p and Cap, are changed according with

table 17 (the bold values are the ones that are changed).
Step 4: Choose client j equal to 2 and path p equal to 5.

Steps 5 and 6: 0 < min{18, 46.5}=18. D, < 0; Values Ql.p and Cap, are changed according with

table 18.
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Step 4: Choose client j equal to 4 and path p equal to 3
Steps 5 and 6: 0 <— min{22, 35}=22; D4 < O;
Step 7: Values D; are equal to zero, for all j, which means that an admissible solution has been found

(the solution found is illustrated in figure 4):

P 1 2 3 4 5 . 1 2 3 4 5
1 i

1 0 0 - - - 1 0 0 - - -

2 - - 35 35 - 2 - - 35 35 -

3 100 - - - - 3 100 - - - -

4 - 67.5 93 - 46.50 4 - 67.5 75 - 28.50

5 246 | 1230 | 1953 | 195.30 | 976.50 5 246 1230 | 1917 | 191.70 | 958.50
Cap, | 0 0 35 35 | 46.5 Cap, | 0 0 35 35 | 285

Table 17 Table 18

: o
: o
5.2

MY s
4

Figure 4

|
Problem TDCMLP can be generalized considering a new set of constraints imposing minimum

capacity restrictions:

t T e ’ .
o > Z(air +rir)—2 > djxpj [16; <0, Vit (44)
=1 &=t J peP(i) i'ep
i'<i
p

where (', represents the minimum flow that has to reach an open facility #, during the time periods

this facility is operating. Associating dual variables B’ with constraints (44), the condensed dual

formulation is slightly changed:

CD-TDCMLP2
LT 2) TR WD 3 3
t i "

subject to:
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g
Z > . 771-;], max 0,v§ —c;j —d]T- .H.Gi{
jr=t peP(i) i'<i

P

3 ;tg + 3 ﬂl.t] <
. 1 . 1
nep heEp Vit,E=t, T (45

T ¢ ¢ 4
FA§— Yui +pi+ Xrf —0; X4 +0; Y4

r=£+1 T=t T=t T=t

S
>y oy 771;'[) max 0,v§ —c;j —d]T- Hé’i{

> A -3 B
jr=t peP(i) i'<i !
P

J )
. 1 .
hep ek Vi, E=t T (46)

S S 9
FRS +uf + Yaf -0; S +0 L Bf

7=t 7=t 7=t

t t gt t ..
ui)pi)”i)/li’ﬂi ZO, VZ,],t

As can be seen, the behavior of dual variables 4’ and A, is symmetric, so the dual ascent
procedure described for dual variables A; constitutes the dual descent procedure for A/, and the dual

descent procedure for dual variables A, constitutes the dual ascent procedure for variables 3. The

primal procedure has to be changed, because it is necessary to satisfy a new set of constraints.
Nevertheless, the new primal procedure constructed is, in essence, similar to the one previously
described. The only difference consists in the heuristic procedure to solve the assignment problem
(problem AP(7) has also a new set of minimum capacity constraints), and also in some additional
steps that try to close or interchange open and closed facilities, when an admissible solution is not
found by opening new facilities (using the procedure already described). The optimal assignment of
clients to facilities, considering the location variables fixed to one or zero, can be found by solving

the following linear problem:

AP1(?)
Min 3> c,x,
Jjor
subject to:
>oxl =1, Wi (42)
pebR’
;<> > xdi[]6r <0, Viel, (47)
J peP(i)nF i'<i
p
x;j >0 5 v]a D, t
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Heuristic to find an admissible solution to AP1(?)

1. Calculate an admissible solution to 4P(¢). If the calculated solution is admissible to 4AP1(¢) stop.
Else go to 2.

2. x,; < 0,Vp,j; Capmin; <~ Q'; and Capmax; < Q;,Vie I ; D; «d}' V.
3. fCap;<0,Vie ]t+, then go to 10.

4. It D;=0, Vjand 3 i € I, such that Capmin; >0, then stop: the heuristic cannot find an
admissible solution. Else go to 5.

. . C o C -
5. Choose facility i, with Capmin; > 0, such that e L max{ apmin; }
el

Capmax; Capmax;

6. If3 pePt+mP(i) such that Capmin; > 0, Vi € p then go to 7. Else go to 8.

+ . . . ctpj ctp’]
7. Choose path p € P, NP(i) and client j such that —~— = mi .Goto 9.
O peri)np | [16;
i'<i Capmin; >0,Viep' | i'<i
p J':D ;>0 P
t t
+ . . Cpj . Cp'J
8. Choose path p € P, NP(i) and client j such that =  min ——.
[16;  per(i)~pt| 116
i'<i JDp>0 | i'<i
p p
9. &<« minyD;,min Capmax; ,Capmml ; X <X, +0 ;3 Dj < D; =5,
i!ep H Hl_” H 91’ Y )
i<’ i'<i
P p

Capmini<«Capmin—96 []6; and Capmax; <— Capmax; —6 [16; , Viep. Go to 3.
l ;l 1 ;l
10. If 3 j such that D; > 0, then solve heuristically problem 4P(#) considering Q; equal to Capmax;,

Viel," and d equal to D, Vj. Else stop.

If an admissible solution is not found in step 1 of this heuristic, then it tries to assign flow to
paths in order to satisfy the minimum capacity constraints of open facilities. Step 5 of this heuristic
chooses facility i such that the relation between its maximum and minimum capacities is more
difficult in terms of satisfying both restrictions. The heuristic will try first to assign flow to paths

peP(i) such that no facility i’ belonging to path p has its minimum capacity restriction satisfied

(step 6). When this is not possible, the heuristic considers all open paths peP(i) (step 7). In steps 6
or 7 the heuristic chooses a client j and an open path p that correspond to the minimum cost per unit
that reaches facility i. The increase in the flow that is assigned to path p is calculated as being the
minimum between the remaining demand of client j and the necessary flow to satisfy the minimum
capacity restriction of facility i, guaranteeing that the maximum capacity restrictions for all other

facilities belonging to path p remain admissible. When the heuristic reaches step 10, all minimum
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capacity restrictions for open facilities have been satisfied. If there are still clients j having a
remaining demand greater than zero, then it will be necessary to assign these demands to paths
using the already described heuristic for problem AP(f). The described heuristic cannot guarantee
the construction of an admissible solution to AP1(¢) whenever the problem is feasible. It is always
possible to check if the problem AP1(¢) is infeasible by using a general solver (which will be more
time consuming but will find out, for sure, if the problem is or is not infeasible, when the heuristic

is unable to find an admissible solution).

Example 5
Consider the problem described in example 4, with facilities having the following minimum
capacities: 5, 10, 0, 60, 5.
The minimum capacity restriction is not satisfied for facility 4, so the solution found in step 1
of the heuristic is not admissible.
Step 2: Capmin; <— 5; Capmin, <— 10; Capmins <— 0; Capming <— 60; Capmins <— 10.
Capmax <-20; Capmax; <—50; Capmax; <—80; Capmax, <—70; Capmaxs <—100.
D1 <15; Dy <-20; D3<18; D4 <-22.

Step 5: Choose facility 4 because % = max{i 10 60 i} .

20750770 100
Step 7: Choose path p,, p3 or ps and a client j according to the calculations presented in table 19. The

heuristic will choose path 2 and client 3.

N T I S
p

a2 1o

0.8 0.8 0.8 0.8

T2 s s 2

0.5 0.5 0.5 0.5

5 4 5 4 2

Table 19
Step 9: O < min 18,20,2, 100 ,@ =18; x5, <« 18; D3« 0;
0.8 0.8x0.1 0.8

Capmin<—5—-18=—13; Capming<—60—18x 0.8 =45.60; Capmins<—5—18x0.8x0.1=3.56.
Capmax <-2; Capmaxs<55.60; Capmaxs <—98.56.

Step 5: Choose facility 4 because :228 = max{lo 45.60 3.56 }

50" 55.60 98.56

Step 7: The heuristic will choose path 5 and client 4.
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Step 9: & < min{22, 55.60,%, 45.60} =22; xb, < 22: D4 ¢ 0;

Capming < 23.60; Capmins<— 1.36; Capmaxs<33.60; Capmaxs<—96.36.

Step 5: Choose facility 4 because 23.60 _ max 1—0 @ﬁ .
33.60 50 33.60 96.36

Step 7: The heuristic will choose arbitrarily between client 1 and path 3 or client 1 and path 5 (the
heuristic will never choose client 2 and path 2 because path 2 has facilities with the
minimum capacity restriction satisfied). Consider that the heuristic chooses client 1 and path

3.

33.6 9636 23.60
0.5 °0.5x0.1" 0.5

Step 9: O < min{lS,SO, }= 15; x;l «15;D; <« 0;

Capminy <— =5; Capming < 16.10; Capmins < 0.61;
Capmax, <=35; Capmaxs <26.10; Capmaxs <-95.61.

Step 5: Choose facility 4 because 1610 _ max ﬂﬂ ,
26.10 26.10 95.61

Step 7: The heuristic chooses path 5, because it is the only path that is constituted by facilities whose
minimum capacity restriction is not yet satisfied, and chooses client 2.

Step 9: O <« min{20, 26. 1,%,16.10} =16.10; xi, < 16.10; D, < 3.9;
Capming < 0; Capmins < —1;
Capmaxs <—10; Capmaxs <-94.

Step 10: The current solution is already admissible because Capmin; < 0, Vi. As D, > 0, then it will

be necessary to use the heuristic to solve problem AP(%).
|

If the minimum capacity restrictions were considered in problem DCMLP (with &; equal to one,
for all facilities) then the assignment problem AP1(¢) would be a transshipment problem, with each
intermediate facility corresponding to two transshipment points: one having demand and supply
equal to its minimum capacity and the other having demand and supply equal to its maximum

capacity minus its minimum capacity.

Consider:

f" = smallest cost incurred by closing ie,” during period t.
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g!=smallest cost incurred by closing i/, during period ¢ and opening one or more services i’ g1,

such that problem AP1(¢"), £’ < ¢, is feasible. The set of services i’¢/," that have to be open is
designated by I(i,z).

Primal Procedure for TDCMLP with minimum capacity restrictions

~

8.
9.

A

Execute steps 1-8 of the primal procedure for TDCMLP.

If the solution satisfies restrictions (47) then stop. Else go to 3.
<« 1.

If AP1(¢) is feasible, then go to 14. Else go to 5.

Calculate f;, Viel, .
Choose facility i” such that flf = min {fit } Remove i° from set /,". Update set P,
+

iel;
If problem AP1(f) is feasible then go to 14. Else insert i’ in set I, flf <« o,

If f,~t= +oc Viel,", then update set P, and go to 9. Else go to 6.
Calculate g!, Viel,"

10. Consider i’ such that glﬁ = min {glt } Remove i* from set J;". Insert in ;" the set 1(i’,f). Update

. o+
iel;

set P,

11. If problem AP1(¢) is feasible then go to 14. Else gf, <« +oc, go to 12.

12.1If g! = +oc, Viel,", stop: the primal procedure cannot find an admissible solution. Else go to 10.
13. Rebuild sets I, I, I,", P, Vt.
14.t < t+ 1;If t < T go to 4. Else stop.

In step 5, the calculation of /' is done in the following way: if i € I,", then there exists (i,a,b) €

IA+ U]R+ such that a <t < b.

b .
—FA?, fa=»b
If (i, a, b) € I, then: f! :{ 2 b b he .
FA, " +FR/ —FA,, otherwise
_FR® ifa=>b
If (i, a, b) € Ix then: f' = . '
( ) € Ix / {FR;‘1 +FR", — FR", otherwise

The calculation of g; is more complicated. It tries to assess the cost of closing facility i, but

opening more facilities so that the assignment problem is feasible in terms of maximum capacity

restrictions.

36



Calculation of g/, Viel,’

1. g« f,Viel  Iif) <. Remove i from set ;.
2. Calculate Flf, Vitel,".
3. If Flf =+ o0, Vigl," then g/ < + oo and stop.

4. Choose i’ such that F, = min {Fit } Include i in sets 7, and I(i,7). Update P,". g/ < g/ + Fj.
el !

F; <« +o0,

5. If AP1({) is feasible then insert i in set /,” and remove /(i,¢) from set I,"; update set P;” and stop.

Else go to 3.

The calculation of Flf , Vi’el," is done as described in Dias et al (2004b), but guaranteeing that

problem AP1(¢’) remains feasible for time periods ¢’ < t.

It is important to notice that the inclusion or removal of a single facility i from set /," can be
responsible for the inclusion or removal of more than one path p from set P,". When removing
facility i from 7, all paths p € P( i) will have to be removed from P,". The inclusion of facility 7 in
I;” will cause all paths pe P( i) such that p is open to be included in P;".

To find out if problem AP1(z) is feasible, for some ¢, there are two hypotheses: use a general
solver to solve the linear programming problem or execute the heuristic procedure already
described.

The primal procedure presented cannot guarantee the calculation of an admissible solution,
even in the presence of feasible problems. Nevertheless this has not proved to be a problem, in the

computational tests already performed.

5 Conclusions

The problems and the primal-dual heuristics presented in this research report are a
generalization of the dynamic single-level location problems studied in Dias ef al/ (2004a,b) to the
multi-level case. The models developed have several features that distinguish them from the models
generally studied in the literature.

All heuristics described were already programmed using C-language programming. To assess
their performance (both in terms of time and quality of the primal solution) intensive computational
tests over a set of random generated problems need to be performed. It will be important to observe

the behavior of the heuristics when the number of maximum levels considered (K) increases.
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Results are expected to be clearly worse for problems that consider the possibility of no flow
conservation in path’s intermediate facilities. It is important to notice that the described problems
are very hard and difficult to solve.

Another generalization of the presented models would be obtained by considering the
possibility of having facilities with maximum decreasing capacities (Dias et al, 2004c), and
facilities that are constituted by one or more equipments of different discrete sizes (implying an
associated discrete expansion location problem).

Another interesting generalization is to consider the existence of more than one objective
function, and even the existence of several decision makers. It will also be interesting to compare
the performance of primal-dual heuristics with the performance of metaheuristics (like evolutionary

algorithms).
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