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A SURVEY ON STOCHASTIC MULTICRITERIA ACCEPTABILITY
ANALYSIS METHODS

Abstract

Stochastic Multicriteria Acceptability Analysis (SMAApmprises a family of mul-
tiple criteria decision aiding (MCDA) methods for problenmgluding incomplete,
imprecise, and uncertain information. Methods of the fgrallow solving MCDA

problems of various types. Even though the methods havedmaied in the past in
various real-life decision-making situations, the stouetof a unified SMAA frame-
work has not been studied. In this paper we describe the miethiothe family and
define a unified SMAA framework. We also point out the key pointthe methodol-
ogy for future research.

Keywords: Stochastic Multicriteria Acceptability Analysis (SMAA); Multiple Crite-
ria Decision Aiding (MCDA); Simulation.



1 Introduction

Stochastic Multicriteria Acceptability Analysis (SMAA$ ia recently developed family of Mul-
tiple Criteria Decision Aiding (MCDA) methods. The diffeleSMAA methods can be used to
handle the three main MCDA problem statements (Figueird €2@05): choosing, ranking, and
sorting. The methodology considers these problem statisnirea wider sense; for example, in-
stead of resulting in a ranking, the SMAA-2 method providexbpbilities for alternatives to obtain
certain ranks. The methodology is based on an inverse asalfythe space of feasible parame-
ter values. It allows ignorance on criteria measurementspaaferences. One of the advantages
of SMAA over most other MCDA methodologies is that it can bedisvithout any preference
information if such is not available.

We define ignorance divided into three subcategories: iptei@ness, imprecision, and un-
certainty (Smets, 1991). Incomplete information meanstti@value is missing. Imprecise infor-
mation means that we have a value for the variable, but nbttivit required precision. These two
subtypes are of objective type. Uncertainty instead is gestibe form of ignorance appearing
when the observer is taken into account, and means that #s\@y gives complete and precise
information, but is unreliable itself.

In this survey, we describe the methods and extensions oEMBA family, and provide
recommendations on which method to use in different MCDAexts. We find the key points of
the methodology by defining the SMAA framework. We describme of the published SMAA
applications for demonstrating real-world applicabilggd the practices involved in application
of the methodology.

The rest of this paper is organized as follows: Section 2riesthe origins of the method-
ology. Section 3 contains a description of SMAA and SMAAHE tmethods that form a basis for
the whole family. The extensions are presented in Sectidind.simulation technique used in the
SMAA computations is described in Section 5. In Section 6 viefly present three applications
of SMAA, and provide references to other applications. TMAB framework is defined and
discussed in Section 7. We end this paper with conclusio®&ation 8.

2 Origins of SMAA

There exists numerous MCDA methods that apply different@gughes for tackling the difficul-
ties encountered in real-life decision-making problemee ©f the oldest and the most succesful
ones is the utility function based approach. In this apgrp#ite alternatives are evaluated based
on utility scores that are derived using a function. Thetytflunction based approach has been
researched intensively and applied in various models {seexample Figueira et al., 2005). Al-
though the approach has a history of succesful applicatibhad become apparent that the exact
parameter values required by earlier methods of the appreace not sufficient in all decision-
making situations. In some, the decision makers (DMs) migltwvant to reveal their preference
model, and in others, the alternatives might have uncedfimprecise values for criteria mea-
surements. Therefore, new advances were heeded for theaapo maintain its usefulness.



One way to overcome these weaknesses in the utility funttésed approach is to apply an
inverse method. This means that instead of asking parawaliges and giving an answer to the
problem in question, the values resulting in different outes are described. The inverse method
of SMAA includes computing multidimensional integrals o¥easible parameter spaces in order
to provide DMs with such descriptive measures. The methbeesoarious problems encoun-
tered in the traditional approach by allowing to use paransetvith ignorance on the values. For
example, usually different weight elicitation techniqu@educe different values, and therefore
deterministic weights are harder to justify than, for exénweight intervals.

Before SMAA there were other inverse MCDA methods. Two theshmportant ones for the
development of SMAA are the comparative hypervolume ddteand the overall compromise
criterion.

2.1 Comparative hypervolume criterion

The first advance considered important for the SMAA methoglplwas the one by Charnetski
(1973) and Charnetski and Soland (1978), who introducectctimeparative hypervolume crite-
rion. This method is based on computing, for each alteraatie volume of the multi-dimensional
weight space that makes each alternative the most preferredIt can handle preference infor-
mation in form of linear constraints for weights, but is rigdeéd to deterministic criteria mea-
surements and an additive utility function. Rietveld (1p80d Rietveld and Ouwersloot (1992)
presented similar methods for problems with ordinal aatand ordinal preference information.

2.2 Overall compromise criterion

The overall compromise criterion by Bana e Costa (1986) iethad containing ideas that gave
birth to the SMAA methodology. The method consists of caltioy the amount of conflict be-
tween the preferences of different DMs in order to define @t jprobability density function for
the weight space. Although in theory it is very useful, ingtige this method is rather limited
as it can handle only 3 criteria. Nevertheless, it was an mapb background work for SMAA
methods as the computation included the idea of integratien the weight space.

3 SMAA and SMAA-2

The discrete decision-making problem is defined to condist set of m alternatives (or ac-
tions in general)X = {z1,...,x;,...,2,}, that are evaluated on the basis of a set afite-
ria {gi,...,95,-.-,9n}. The evaluation of action; on criteriong; is denoted byy;(xz;). The
model considers multiple DMs, each having a preferencectsirel representable with an indi-
vidual weight vectorv and a real-valued utility or value functianx;, w) that has a commonly
accepted shape. The most commonly used value function im#e one:

u(x;, w) = Zgj(mi)wj. (@D
j=1



The weights are considered to be non-negative and norrdalirerefore defining the feasible
weight space:

W:{wGR":wZOandijzl}. 2
j=1
The feasible weight space of a 3-criteria problem with ndgesce information is illustrated in
Figure 1.

Figure 1: The feasible weight space of a 3-criteria problem.

The SMAA methods are developed for situations where neithiggria values nor weights
or other parameters of the model are precisely known. Uaicedr imprecise criteria values
are represented by stochastic variatflegcorresponding to the deterministic evaluatign;))
with assumed or estimated joint probability function disition and density functiorf, (£) in the
spacey € R™*". Similarly, the DMs unknown or partially known preferen@es represented by
a weight distribution with a joint density functiofiy (w) in the feasible weight spadé’. Total
lack of preference information on the weights is represkebtea uniform weight distribution in
W, that is:

fw (w) = 1/vol(W). 3)

As for the utility or value function based approaches, itidtidoe noted here, that the weights are
defined in the meaning of scale factors; the weights reshaledlues of partial utility functions
in such a way, that the full swing in the scaled function iatks the importance of the criterion
(see Belton and Stewart, 2002, Sect. 5.4).



3.1 SMAA

The fundamental idea of SMAA is to calculate descriptive suees based on multidimensional
integrals over stochastic parameter spaces. The origMAIXSLahdelma et al., 1998) introduced
three such measures: the acceptability index, the cengighivvector, and the confidence factor.
For this purpose, the set of favourable weightg¢) is defined as follows:

Wi(&) ={w e W :u(&,w) > u(é,w), Yk =1,...,m}. 4

Any weightw € W;(£) makes the overall utility of:; greater than or equal to the utility of all
other alternatives.

The descriptive measures of SMAA are computed based on Moatk simulation. This
means that they might contain errors, but the error margmsa@asmall, that due to the nature of
the problem they do not have to be taken into account (whenuher of Monte Carlo iterations
is large enough, see Section 5).

3.1.1 Acceptability index

Acceptability index describes the share of different weigdluations making an alternative the
most preferred one. It is computed as a multidimensionalgiatl over the criteria distributions
and the favourable weight space as

a; = fx(g)/ fw(w) dw d€. (5)
gex weW;(€)

Acceptability indices can be used for classifying the alives into stochastically efficient
(a; >> 0) and inefficient onesaf zero or near-zero). A zero acceptability index means that
an alternative is never considered the best with the asspneéerence model. For stochastically
efficient alternatives, the index measures the strengtheoéfficiency considering simultaneously
the ignorance on the criteria measurements and the DM @eces.

Scaling of the criteria affects the acceptability indic&caling must therefore not be done
abritrarily when trying to classify the alternatives on thasis of acceptability indices (Lahdelma
and Salminen, 2001). For example, if the minimum and maxinatitarion values are chosen as
the corresponding scaling points, the possible introdaabf a new alternative might change these
values and therefore also the acceptability indices togelaktent (Bana e Costa, 1988).

3.1.2 Central weight vector

The central weight vectarf is defined as the expected center of gravity of the favounablight
space. Itis computed as a multidimensional integral ovectheria and weight distributions as

wf = / NG fov (w)w dw d¢ Ja;. ®)
ex weW;(§)



The central weight vector describes the preferences of iaalypM supporting this alternative
with the assumed preference model. By presenting the ¢teméight vectors to the DMs, an
inverse approach for decision support can be applied:ddstéeliciting preferences and building
a solution to the problem, the DMs can learn what kind of periees lead into which actions
without providing any preference information.

3.1.3 Confidence factor

The confidence factop{ is defined as the probability for an alternative to be thegureti one
with the preferences expressed by its central weight veliter computed as a multidimensional
integral over the criteria distributions as follows,

-/ £6) de. ©
gexu(&i,w§) >u(Er,wy)

Confidence factors can be calculated similarly for any giweight vectors. The confidence fac-

tors measure whether the criteria measurements are az@matigh to discern the efficient al-

ternatives. If the problem formulation is to choose an aléve to realize, the ones with low

confidence factors should not be chosen. If they are deemaetirastive ones, more accurate

criteria data should be collected in order to make a relidblgsion.

3.2 SMAA-2

The acceptability index of the original SMAA method was nesigined for ranking of the alter-
natives, but instead for classifying them as more and lesspaable ones, from which the earlier
ones should be taken into future consideration. SMAA-2 {leima and Salminen, 2001) extends
SMAA by taking into account all ranks and provides five newctiggive measures: the rank ac-
ceptability index, three k-best rank-type measures, amthdiistic acceptability index. These new
measures provide DMs with more insight with the decision imgkroblem. For defining the new
measures, a ranking function is defined as follows:

’I"(M’Lk? =1+ Z < 5/4:7 > U(fZ,UJ)>, (8)

wherep(true) = 1 andp(false) = 0. Let us also define the sets of favourable rank weights
W/ (&) as follows,
W) ={w e W :rank(i,&,w) =r}. 9)

3.2.1 Rank acceptability index

Rank acceptability index is defined similarly to the acchititst index in (5), extending it to take
into account the acceptability for a certain rank. The racgeatability indexb; describes the



share of parameter values granting alternatiyeank ». It is computed as a multidimensional
integral over the criteria distributions and the favoueataink weights as follows,

v= [ £ / fiw(w) duw dé. (10)
£ex weW; (£)

The most acceptable (best) alternatives are those withddgbptabilities for the best ranks. Ev-
idently, the rank acceptability indices are within the rar@,1], where 0 indicates that the alter-
native will never obtain a given rank and 1 indicates thatilt @btain the given rank always with
any choice of weights. The first rank acceptability indgxs equal to the acceptability indes.

3.2.2 k-bestrank indices

Rank acceptability indices are main indicators for the qanance of alternatives. When the
number of alternatives is large, it is sometimes approptiaaggregate them in the early phase of
the decision-making processkaest ranks (kbr) acceptabilities as

k
=> b (11)
r=1

The kbr acceptabilities can be used in an iterative process in wihiehweak alternatives are
eliminated until a small group of alternatives reach sudfitiacceptabilities.

The central weight vectors can also be extended in a simidgt;, vo define theentral kbr
weight vector wf as

wh = £ (6) Z / (w)w dw d€ /a;. (12)

fex wEWT(ﬁ

Thekbr weight vector describes the preferences of a typical DMdkaigns an alternative to one
of the ranks from 1 tdé. Also the confidence factors can be extended similarly, fmde¢hekbr
confidence factor pf as

pi = Fx(§) d€. (13)

/fex:rank(i,g,wf)>k

3.2.3 Holistic acceptability index

The problem of comparing the alternatives in terms of themkracceptabilities can be seen as a
“second-order” multiple criteria decision aiding probldbahdelma and Salminen, 2001). The
DMs attitude towards risk define the required magnitude ofidence factors and acceptability
indices. The rank acceptability indices can be aggregatedchiolistic acceptability indice@? as

af => a’by, (14)



where " are the so-called metaweights. There are numerous poss#ys of choosing the
metaweights (see Lahdelma and Salminen, 2001), the onbtraamts being that they should be
non-negative, normalized and non-increasing when the irammkases. Using the holistic accept-
ability indices in the decision-making has its limitatiph®wever. This “second-order” decision-
making problem imposes an additional level of complexitthsindicators, and adds assumptions
which the DMs might not realize.

In our opinion the holistic acceptability indices shouldyobe used when there is no analyst
available or when SMAA is used as an automated decision#gakiol. However, in these cases
it should be questioned if SMAA was an appropriate methogfayain the first place. The most
appropriate use of the holistic acceptability indices ddug in problems with a large amount of
alternatives, to filter out alternatives that do not desaittention from the DMs. Although in this
type of problems thébr acceptability indices might be more adequate.

3.3 Preference information

In most decision-making problems it is possible to elicingy though probably imprecise and
uncertain, preference information from the DMs. AlthoudW/8A allows preference information
to be represented with an arbitrary density function, Uguials easier to elicit the preferences as
constraints for the weight space. Then the density fundiatefined with a uniform distribution
in the restricted weight spad&”’ as

(1vol(W), i we W,
Jw(w) = {o, if we W\ W (15)

In particular, SMAA-2 introduces the following types of &traints:
1. Intervals for weightsu; € [w]™", w}"**)).
Intervals for weight ratios (trade-offsp{/w;, € [w;?,?”, W)

Linear inequality constraints for weightd«{ < ¢).

Nonlinear inequality constraints for weight§{v) < 0).

o ~ w N

Partial or complete ranking of the weights;(> wy,).

Figure 2 illustrates the feasible weight space of a 3-caitproblem with interval constraints for
weightwy. Figure 3 illustrates the feasible weight space of a 3+@aitproblem with complete
ranking of the weights.

When there are multiple DMs, the constraints have to be ggtgd before applying. Possi-
ble non-interactive aggregation techniques include nmas#ttieal union, intersection, of averaging
densities of the functions defining preferences of diffefl@is. There exists also a technique
based on belief functions for eliciting and aggregatinghreference information, see Tervonen
et al. (2004b,c).



Figure 3: The feasible weight space of a 3-criteria problath somplete ranking of the weights.

4 Extensions

In this section we will describe the most important SMAA exdiens for ordinal criteria measure-
ments, dependent criteria, cross confidence factors, arse thased on the outranking approach.
There is also a variant of SMAA based on data envelopmenysisgiSMAA-D). For description

of it, we refer to Lahdelma and Salminen (2006b).



4.1 Ordinal criteria (SMAA-O)

SMAA-O (Lahdelma et al., 2003) extends SMAA to consider oatlicriteria measurements,
meaning that the DMs have ranked the alternatives accoringach (ordinal) criterion. In
SMAA-O, the ordinal information is mapped to cardinal witthdorcing any specific mapping.
This means that nothing is assumed about the weights ofiaritenks in the piecewise linear
mapping.

The possibility of using ordinal measurements has its atdgms. Usually the experts defining
the criteria measurements can rank the alternatives wéierd to each criterion faster than they
can define cardinal measurements. Therefore, if ordinasoreeents provide sufficient accuracy
for the decision-making problem in question, savings caaliained.

The ordinal criteria are measured by assigning for eachnaltiee a rank level number; =
1,...,5m where 1 is the best and"** the worst rank level. Alternatives considered equally
good are placed on the same rank level and the rank levelsuanbated consecutively. On an
ordinal scale, the scale intervals do not contain any in&tiom, and should be therefore treated
as such without imposing any extra assumptions. Howevengsmapping can be assumed to
underlie the ordinal information. In SMAA-O, all mappindsat are consistent with the ordinal
information are simulated numerically during the MontelG#&erations. This means generating
random cardinal values for the corresponding ordinal caitmeasurements in a way that preserves
the ordinal rank information. Figure 4 illustrates a sampbpping generated in this way.

1
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Figure 4: An sample ordinal to cardinal mapping of SMAA-O.
The SMAA methods can be used with any kind of value functiantip accepted by the DMs,

but if we have an additive value function, the shape of thetion can be considered unknown. In
this case, the DMs patrtial value functions are simulatetiénsime way as the ordinal to cardinal



mappings. However, the simulation is not necessary for timal criteria, because the simulated
cardinal values can be interpreted directly as partialastn a linear scale. Therefore, if the DMs
accept an additive value function, it is not necessary ferDMs to agree on a common shape of
the partial value functions for the ordinal criteria.

SMAA-O has been combined with the so-called SWOT methodolagthe work of Kan-
gas et al. (2003b). For an alternative technique for apglgrdinal criteria in simulation-based
approaches, see Leskinen et al. (2004).

4.2 Handling dependent criteria

In many real-life applications of SMAA the criteria measuents as well as their uncertainties
are dependent, and by not considering them as such thesraslliitontain bias (Lahdelma et al.,
2004). SMAA allows using external sampling as a source fibergca measurements. This tech-
nigue implicitly takes into account the dependencies. Aaptechnique reported in the literature
(Lahdelma et al., 2006) is to model the criteria with a maltiste Gaussian distribution. The mul-
tivariate Gaussian distribution between a vector of stethaariablesg)\y, ..., Az is defined by
the joint probability density function

1 L
A goee 7)\ - 5()\—)\) A ()\_)\)’ 16
f( 1 L) (271‘)[/ det(A) (& ( )

where) is the vector of the expected values of the stochastic vasaindA is the L x L covari-
ance matrix,

COV(A1, A1) COV(A1,A2) -+ COV(A1,AfL)

A cov()\-g, A1) cov(Ag, Ag) coV(A2, AL) where a7
cov()\-L, A1) cov(Ar,Ag) - cov(Ar, AL)

cov(Aj, Ak) = E((Aj — X)) (A — Ap)). (18)

Although the covariance matrix is reasonably compact pitesien of the imprecision and de-
pendancy information, it is more convenient to separateetieo types into a vector of standard
deviationso and to anL. x L correlation matrixo. The correlation matrix is computed from the
covariance matrix with
cov(Aj, Ag)
Pik = T oy
a(Aj)o(Ar)

The correlation coefficients are within the ranjgel, 1] and measure how well a linear model
Aj = a), + b explains the dependancy of the variables.

Although it may be possible to determine the correlatiorhefiariables “by hand”, in practice
in most applications it is too time consuming or even imgdassi The multivariate Gaussian
model is more suitable in applications, where there exisisnalation model or real-life process

(19)

10



producing values for the criteria measurements (see ®e6btl®). The mean of each criterion
measurement is estimated from the samp)dy the sample mean with

K
20y =Y ab /K. (20)
k=1
An unbiased estimator for the covariance is calculated@sdmple covariance with

K
covl gmafz j’ g Z yzy yzg yz’j’ - ﬁi’j’)/(K - 1)' (21)
k=1

The sample standard deviation is the square root of the savaphnce:

K

G (yis) = | >_ Wk — 1:)?/ (K — 1), (22)

k=1

12

a(Nij)

Standard error of the sample mean, caused by the finite sthe gshmple, is calculated as
o (§ij) | VK. (23)

The sample correlation matrix is obtained by dividing thes@nd columns of the sample covari-
ance matrix by the sample standard deviations.

4.3 Cross confidence factors

SMAA has been developed for problems with ignorance on buthpteferences and the criteria
measurements. When the information is very imprecise, lenad emerge because a large set
of alternatives might seem acceptable as indicated by tbepéability indices. In this kind of
situations, it would be desirable to obtain more preciserinftion on the preferences of the DMs
and on the criteria measurements, but it is not always pessike to limits with time and money.

One technique for improving the discrimination of a largé afeefficient alternatives is to
usecross confidence factors (Lahdelma and Salminen, 2006a). These descriptive measinee
confidence factors computed for each alternative using eti@r’s central weight vectors. The
cross confidence factor for alternativewith respect to alternative,, is computed as

k

p; = fx(€) dg, (24)

/ﬁexzwgeW}(ﬁ)

defined when the target alternative is efficient (and theeelias a central weight vector defined).
The cross confidence factor is a probability for an altemeatid obtain the first rank (considering
the ignorance on the criteria measurements) when the temight vector of the target alternative
is chosen.

11



The cross confidence factors provide additional infornmatioform of telling why the dis-
crimination of alternatives is weak: an alternative thabots a high cross confidence factor with
respect to another is similar and because of that poorlyidigtated. For identifying such alter-
natives the model defines reference sets, that are ordedthstic sets of pairs a, pf >

)

{<i(k,r), Pl > Ir =1,...,m(k)}, (25)

wherem(k) < m determines the number of elements in the reference set ariddéx function
i(k,r) orders the elements by their cross confidence factors irtoetieling order. This ordering
makes it easy to quickly identify the most poorly discrimath alternatives. The reference sets
can be visualized as column charts as shown in Figure 5.

X2

= B

x2 x3

Figure 5: Sample cross confidence factors of alternative x23-alternative problem.

4.4 Reference point approaches

Although the SMAA methods can be used without any infornmatio the weights, it is preferable
to try to elicit some information from the DMs. Rather thaimgsweights, a more straightforward
technique for representing the preferences is throughemede points. With reference points,
the DMs specify desirable or preferable values for eaclermon instead of specifying trade-offs
between criteria. Reference points model satisfying hielbavinstead of trying to find optimal
solutions, and can thus be more suitable in some decisi&inmaontexts. There exists two
reference-point based SMAA methods that we will describe: i ®MAA-P and Ref-SMAA.

12



4.4.1 Prospect theory based variant (SMAA-P)

Prospect theory evaluates alternatives performancesresect to deviations from a reference
alternative. This reference alternative is consideredeta B-point in valuations of the DM. The
gains with respect to the reference alternative are coreside be more important than the losses,
and therefore the partial value functions are commonly &stl. In the part above the reference
alternative (gain) the value function is concave (risk aggrand in the part under the reference
alternative (loss) convex (risk seeking). Therefore whendesirable values represented by the
reference point are reached, the DM is considered to bdisdtend further increases are accord-
ing to risk-averse behaviour.

Prospect theory has its difficulties in finding the DMs’ refece alternative, quantifying the
tradeoffs for gains and losses, and combining prefererfciberie are multiple DMs. SMAA-
P (Lahdelma and Salminen, 2003) tries to overcome thesengeaks by analyzing the sets of
feasible values for the parameters defining the model. Thé&spPMferences are represented with
additive piecewise linear difference functions as in pemsgheory. This requires two separate
weight sets to be defined: one for gains™() and another for lossesv(). Then the piecewise
linear difference function for evaluating alternativewith respect to the reference alternative
is defined as

n
d(wi,wr,w+,w_) :Zd](xlj7x7’]aw;_7wj_)7 (26)
j=1
where the partial difference functions are
di(zij, xrj, w;f, w;) = w;-r max {z;; — zrj, 0} +w; min{z;; — z,;,0}. (27)

To be consistent with the intuition that losses are at leagh@ortant as equal gains, the weights
are constrained with

0<w' <w . (28)
Loss and gain weights can be replaced by representing tliergmees in terms of importance
weightsw; and coefficients of loss aversien > 1. This is the ratio between the loss and gain
weights:

55 = wj_/wjJr (29)
The loss and gain weights are defined based on the loss aversfficient symmetrically around

the importance weights as:
wj = w;-r Sw; (30)

The original utility or value function is replaced in SMAAWIth a piecewise linear difference
function including all preference information:

u(fL’Z‘,'U) = d(xi,w,xr,s), (31)

wherev = [w, z,, s| is the preference information vector. The feasible preference information
spaceV is defined as

V=WxXgx8§={v=wuz,s|lwe Wz, € Xr,se€S} (32)

13



whereW is the feasible weight spac&r is the feasible reference alternative space (should be
defined to include at least all possible reference alteresiti andS is the feasible loss aversion
coefficient space. The joint probability distribution oétpreference information vector is defined
as

fv () = fw(w) fxp () fs(s). (33)

The new value function (31) is used to map the stochastier@iaind preference distributions into
value distributions as in SMAA-2. The stochastic sets obtaable rank weights are redefined to
be stochastic sets of favourable rank preferences as

Wi (&) = {v € Vlrank(i, &, v) = r}. (34)

The rank acceptability indices and the central weight viscéme computed as in SMAA-2, with
the only difference being that the inner integration is downer the feasible preference information
space instead of the feasible weight space. SMAA-P alsoatefidditional descriptive measures.
For more details on these, we refer to Lahdelma and SalmR2@08].

4.4.2 Reference point approach (Ref-SMAA)

The Ref-SMAA method (Lahdelma et al., 2005) (also called WA allows to use reference
points with multiple DMs by providing descriptive infornmah about the sets of reference points
that favour each alternative. An identical method (althowugth a simpler simulation model) has
been presented by Durbach (2006).

Achievement functions are used for overcoming some weaksesf the traditional goal pro-
gramming, and used in Ref-SMAA for characterizing non-duamted solutions. These are solu-
tions where none of the components can be improved withewgriog the score of at least one
of the others. An achievement function is a functign: X — R, wherez € R* is an arbitrary
reference point. The achievement function of Ref-SMAA carsélected in various ways, as for

example:
k

sp(zi) = Z:Hlllnk [wi(z; — &)] + p Z;wz(xz — ), (35)
1=
wherey is a sufficiently small scalar and is a fixed positive scaling vector. Usually; is set to
be equal to the inverse of the difference between the beghandorst value for each criterion.
Ref-SMAA operates on the basis of a set of favourable retergmoints for each alternative
x;, defined as:

Xz(g) = {i’ S X’SQVC(&) > Sj;(fj), j = 1,. .. ,m}. (36)

Any reference point: € X;(¢) makes the overall preference of greater than or equal to the
preference of any other alternative. The feasible referg@aint spaceX; can be defined according
to needs, for example as a convex combination of the referpomts of all DMs. Similarly to
the acceptability index (5), Ref-SMAA defines the refereaceeptability index:;, computed as
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a multidimensional integral over the criteria value dittions and the favourable reference point

space as
r; = é f(T d.’vlfdé. 37
/gex fX(f) /:?:Z-eri(f)( ) (w) ( )

Thecentral reference point %; is defined as the expected centre of gravity of the set of fabe
reference points, computed as a multidimensional integrdie reference point vectarover the
criteria value distributions and the favourable referepoimt space as

P /  f(@)Edidg/r. (39)
£ex #,€X4(8)

All the descriptive measures of Ref-SMAA are related tongfiee points, and therefore the mea-
sures as well as the original alternatives all belong totheron space. For some decision makers
this type of model might be easier to understand, as no @tiioncepts such as weights are used.

4.5 Outranking based SMAA approaches

SMAA has been extended for using instead of value functiymfloutranking-based aggregation
procedure for defining ranking of the alternatives. This andther approaches described in this
section are based on using ELECTRE type pseudo-criteria pBleudo-criteria are defined by
using thresholds that are denoted as follows:

e ¢;(9;(-)) is theindifference threshold for the criteriong;,
e p;(g;(-)) is thepreference threshold for the criteriong;, and
e v;(g;()) is theveto threshold for the criteriong;.

By using these thresholds cancordance index is defined. It is computed by considering in-
dividually for each criteriory; the support it provides for the assertion of the outrankisgp,
“alternativeq is at least as good as alternatb/e The partial concordance index is a fuzzy index
computed as follows, forall = 1, ... ,n:

1, if gj(a) = g;(b) — q;(g; (b)),
ei(a,b) = 0, if gj(a) < g;(b) — p;(g;(b)), (39)

g;(a)+p; (gj (b)) —9;(b)
Dj (gj (b)) —q; (gj (b))

After computing the partial concordance indices, the cahensive concordance index is calcu-
lated as follows,

, otherwise.

c(a,b) = ijcj(a, b). (40)
jeJ
If the veto thresholds are used, alsdigcordance index can be defined. For more information on
pseudo-criteria based models, see Roy and Bouyssou (1993).
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4.5.1 Outranking aggregation procedure (SMAA-3)

SMAA-3 (Hokkanen et al., 1998) method is a variant of the ioa SMAA that applies, instead
of the value function, ELECTRE type pseudo-criteria andriim favor” choice procedure. Ac-
cording to this procedure, an alternative becomes the peef@ne (not necessary unique) if the
following set of constraints hold:

min  c(xz;, x7) > n C\Tp,T
o min (w4, 27) 2, min (zg, 1), 41)

k=1,...,mk #i.

Based on this the favourable weights of an alternative @yedefined as

n
W;={weW: min ijcj($i79€l)
l:l,...,m,l;ﬁijzl

n
(42)
> min wici(xn.x
—l:17---7m,l7ékz:1 J ]( k> l),
J:

k=1,....kk#i}

The rest of the analysis is done as in SMAA, with the exceptiah the criteria measurements are
considered to be deterministic (no integration oyés done), and therefore no confidence factors
are computed. It should be noted, that now the central weigtitor can lie outside the space
of favourable weights of an alternative, because this peefaee model is non-linear. Therefore,
in this kind of (easily detectable) situations a favourallEght vector is chosen with a minimal
distance to the central weight vector.

In the literature there exists simulation-tests of SMAAiagaSMAA-3, and in these tests
the results of SMAA-3 were found to be quite unstable withpees to the indifference threshold
(Lahdelma and Salminen, 2002). Therefore, when SMAA-3 @liap in practice, great care
should be put into choosing the thresholds.

There exists also a variant of SMAA which applies the congplet ECTRE Il procedure for
producing a ranking. For more details on it, see Tervoneh é€@04a).

4.5.2 SMAA-TRI

All the SMAA variants described until here are for ranking aroosing problem statements.
ELECTRE TRI (Yu, 1992) is a method for sorting problem statais, and SMAA-TRI (Ter-
vonen et al., 2005) extends it to allow ignorance on the patanvalues.

ELECTRE TRI uses concordance and discordance indices ffiinghe alternatives into pre-
defined and ordered categories. Let us denot€'by {C1,...,C},...,Cy} the set of categories
in ascending preference ordér,(is the “worst” category). These categories are defined bgupp
and lower profiles, that are computationally equivalentiteraatives. The profiles are denoted as
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P1,...,Pn,- .., Pu—1- Profilep;, is the upper limit of category’;, and the lower limit of category
Ch11. Notice that the profiles are strictly ordered, that is thayehto satisfy

PLAp2A L App_o Apg_q, (43)

whereA is the dominance relatiom{Ap, means thap, dominates,). This dominance relation
needs to be interpreted in a wide sense, because the damidapends not only on the values of
components of the two profiles, but also on the values of liolds.

We will not describe the assignment procedure here, thesstied reader should refer to Ter-
vonen et al. (2005). For the assignment procedure an additiechnical parameter, the lambda
cutting level, has to be defined.

SMAA-TRI is developed for parameter stability analysis &fEEZTRE TRI, and consists of
analyzing finite spaces of arbitrarily distributed paragnetalues in order to describe for each
alternative the share of parameter values that assign iiffereht categories. It analyzes the
stability of weights, profiles, and the cutting level.

The input for ELECTRE TRI in SMAA-TRI is denoted as follows:

1. Uncertain or imprecise profiles are represented by sstichaariablesy;,; with a joint den-
sity function fg(¢) in the spac& C R*~1)*"_The joint density function must be such that
all possible profile combinations satisfy (43). Usually tiaéegory profiles are defined to be
independently distributed, and in this case the distrilmgimust not overlap. For example,
if the profile values for a criterion are Gaussian distridutée distributions must have tails
cut off as shown by the horizontal lines in Figure 6.

%]

P %, V3

X
Figure 6: Probability distribution functions for three Gaian distributed profile values (for a sin-

gle criterion). The horizontal lines show where the tailshaf distributions must be cut. (Tervonen
et al., 2005)

2. The lambda cutting level is represented by a stochastiabta A with a density function
fr(A) defined within the valid range [0.5,1].
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3. The weights and criteria measurements are represente GMAA-2.

4. The data and other parameters of ELECTRE TRI are repexteoy the setl’ =
{M, q,p,v}. These components are considered to have deterministiesal

SMAA-TRI produces category acceptability indices for alirg of alternatives and categories.
The category acceptability indeogl describes the share of possible parameter values that have a
alternativex; assigned to categoy/;,. Let us define aategorization function that evaluates the
category index: to which an alternative;; is assigned by ELECTRE TRI:

h=K(i,A, ¢,w,T), (44)
and a category membership function

1, if K(i, A T)=nh
m?(k’qs’w’T):{ 7| (Z7 7¢7w7 ) Y (45)

0, otherwise,

which is applied in computing the category acceptabiligex numerically as a multi-dimensional
integral over the finite parameter spaces as

1
S N ) / Fov (w)m? (A, 6, w, T) duw d dA. (46)
0.5 weW

peD
The category acceptability index measures the stabilith@assignment, and it can be interpreted
as a fuzzy measure or a probability for membership in thegoage If the parameters are stable,
the category acceptability indices for each alternativeukhbe 1 for one category, and 0 for the
others. In this case the assignments are said to be robistesjpect to the imprecise parameters.

5 Simulation

The various distributions applied in the integrals of SMA&y according to the application and
can be arbitrarily complex. Usually the integrals have hdghensionality as well. The analytical
integration techniques based on discretizing the digidba with respect to each dimension are
infeasible, because the required effort depends expatigntin the number of iterations. There-
fore, instead of trying to obtain exact values for the inddgjrMonte Carlo simulation is applied to
obtain sufficiently accurate approximations. In this seciive address the simulation technique,
accuracy of the computations, and the complexity issuesdéscription of the actual algorithms,
we refer to Tervonen and Lahdelma (2006).

5.1 Simulation technique

Monte Carlo simulation is applied in computation of the greds. For all the acceptability index-
type measures, a similar technique is applied: in eachiib@raneasurements for the parameters
(criteria measurements, weights, ...) are drawn from t@iresponding joint distributions, and

18



a ranking or a classification is built based on these valuder £is, counters for corresponding
ranks or classes with respect to the alternatives are isetgeaAfter a number of iterations, the
indices are obtained by dividing the counters with the nurobierations. The central weights are
computed in a similar fashion, by adding to the “sum of weigddtors” of the alternative obtaining
the best rank the currently used weight vector. This vestaliided in the end component-wise
by the number of iterations in order to obtain the centralgevector.

The weight generation is an important part of the simulatexrhnique. If there is no prefer-
ence information available, theuniform distributed weights are generated as follows: first1
independent random numbers are generated from the unifistribdtion within the rangeg0, 1],
and sorted into ascending ordes (. . ., g,_1). After that, 0 and 1 are inserted as the firgf) @nd
last (g,,) numbers, respectively. The weights are then obtainedtassals between consecutive
numbers {; = ¢; — ¢j—1) (Tervonen and Lahdelma, 2006).

If there exists preference information, the weight genemnatechnique must be altered. In the
case of complete ordinal preference information, the wsigan simply be sorted according to the
ranking. Lower bounds for weights can be handled by usingnalsi transformation technique.
Let us illustrate this by re-examining Figure 2. By consiidgonly the lower boundy;, > 0.2, the
feasible weight space is re-defined as one homomorphic gtbriginal one. The lower bounded
weights are defined by generating the random numbers fr@nailf0, 1 — s], wheres is the sum
of all lower bounds, and adding to them the correspondingtdyounds.

Upper bounds for weights cannot be handled by using a siteitdanique, but instead a simple
rejection technique is applied, in which the weight vectoos satisfying the upper bounds are
rejected. As can be seen in Figure 2, the tip of the simplexoffuby the upper bounds has
relatively small area compared to the one of lower boundsréfbre the increase in computational
complexity due to upper bounds is relatively low. In additidtower bounds might even render
some of the upper bounds redundant. Consider for examptziteBa problem with lower bounds
of 0.2 for all weights. The maximum value that any weight chtam is1 — 0.2 — 0.2 = 0.6, and
therefore all upper bounds higher than 0.6 are redundard.aifount of weights rejected due to
upper bounds can be estimated in the following way: if we mmrsall weights to have a common
upper boundw™**, the probability for the largest of the generated weightsxoeed the upper
bound is

Plmaz{w;} > w™*)] = n(1 — wma=yr=1 _ (7;) (1 - 2gmarynt

o (—1)R (Z) (1 — kwmeeyn=1...

where the series continues as longd as kw™* > 0 (David, 1970).

(47)

5.2 Accuracy of the computations

Accuracy of the computations can be calculated by consigehe Monte Carlo simulations as
point estimators for the descriptive measures. To achiegaracy ofA with 95% confidence for
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the rank acceptability indices, we need the following nundiéMonte Carlo iterationds:

1.962
K = VR (48)
For example, to achieve 95% confidence on error limits@D1 for the rank acceptability indices,
we need to execute 9604 Monte Carlo iterations. The accufcygnfidence factors depends on
the accuracy of central weight vectors in a complicated raafifervonen and Lahdelma, 2006),
but if we disregard this source of error, the same equatioadouracy applies. The accuracy of the
central weight vectors depends on the acceptability irsgliaed the required amount of iterations

is calculated as follows:
K= % (49)
ai4A2 '
It should be noted, that the accuracy of the computations doedepend on the dimensionality
of the problem, but instead only on the number of iterations.

5.3 Complexity issues

The required number of Monte Carlo iterations in typical SMApplications is fairly high, and
therefore for having practical applicability the comptgxdf SMAA computations should not be
too high with respect to the number of criteria and altexeasti The complexity of SMAA-2 and
SMAA-O has been analyzed by Tervonen and Lahdelma (2006¢. cbmplexity of computing
the acceptability indices and central weight vectors wiltheppendent criteria measurements and
cardinal criteria iISO(K - (nlog(n) + m - n + mlog(m))). The complexity of computing the
confidence factors i©(K - m? - n). In these formulagy is the number of Monte Carlo iterations,
m the number of alternatives, amtthe number of criteria.

The usage of ordinal criteria adds to the complexity with@deof log(m). In practice this
has very little effect (Tervonen and Lahdelma, 2006). Wtet & larger impact to the running
times is the handling of preference information. The formsuhbove suppose that there are no
constraints on the weights, which in practice is usuallythetcase. As described in Section 5.1,
lower bounds for weights do not affect the complexity of theght generation, but upper bounds
might have a great impact on the process.

6 Applications

SMAA was originally developed in conjunction with a redkldecision-making problem, and has
been since applied in a variety of real-life cases. We wiktfty present three different cases for
illustrative purposes.

6.1 Infrastructure planning

In 1990, the city council of the capital of Finland, Helsinetecided that a suburban area, Vuosaari,
needed to be reserved for a general cargo harbor. The neplaitythat contained the allocation
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of the land area was approved at 1992. After this, a planninggss was initiated. According
to the Finnish laws, Environmental Impact Assessment (Elégds to be done in this type of
planning processes, taking into account also the opiniémesidents of the affected areas. The
actual decision process began with the construction adr@itaking into account environmental,
sociological, as well as economical viewpoints. This lebidéo definition of the following 11 cri-
teria: sea, ground water, emissions into air, fauna, végatand flora, employment, recreational
possibilities, landscape, and economy.

Different alternatives for developing the harbor area veemstructed with different combina-
tions of the naval navigation channel, roads, and railroAdset of 24 alternatives was constructed
in this way, and in accordance with the EIA legislation, esoadditional alternative was added.
This alternative considered improving existing facibtieithout constructing a new harbor (so-
called zero-alternative). Thus, multiple criteria demisiaiding was applied with a total of 25
alternative strategies.

The purpose of the EIA procedure is not to present a solutidhet decision-making problem,
but instead, to describe the effects of different possibteas. For the criteria considering envi-
ronmental effects, determination of the values is usudijgdive and therefore uncertainties have
to be taken into account. In decision-making processes asithis, it is often the case that the
DMs are not willing to provide preference information. Thiegmal SMAA method that allows
tackling problems with ignorance on the preference infaiomaand criteria measurements was
developed in conjunction with this decision-making praces

After SMAA analysis, the results were presented to the DMandifferent interest groups
feared that their favourite alternative would not be amdmg most preferred ones, as they saw
the method “too fair”, taking into account all points of vie®uring the process, however, they
understood that it is possible to choose almost any aligenbased on certain preferences. In the
end, the groups carried out real discussion about the vahesgnt in the process. This decision-
making process leaded into a decision to build the Vuosaabdur, and the first stone of the
harbour was placed in 2003, after a long public politicatdssion.

This application has been described in detail by Hokkanah €t999). For other applications
of SMAA in infrastructure planning, see Hokkanen et al. @92000); Lahdelma et al. (2002).

6.2 Forest planning

Landspace ecological planning is an area where the timedrors usually very long and the data
concerning possible alternatives uncertain and impretis€inland the state-owned forests cover
nearly 9 million hectars and require landscape ecologitzaigy One of these plans was made
for the Kivalo forest area located in the Finnish Laplandrifas et al., 2003a). In this study, 10
possible development stategies for a timeframe of 10 years @valuated in terms of 2 cardinal
and 3 ordinal criteria. The study demonstrated the apglitabf SMAA-O in forest planning,
especially as mixed (both ordinal and cardinal), impreeisd uncertain criteria measurements
and vague preference information could be taken into adcoun

For other forest planning related studies, see Kangas andd¢52003); Kangas et al. (2005).
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6.3 Elevator planning

Modern elevator systems in high-rise buildings consistrofigs of elevators a with centralized
control. The goal in elevator planning is to configure a faalevator group to be built, satisfying
minimum requirements for the quality of service. In additid is desirable to use the least floor
space possible and to minimize the cost of the system. Duhi@glanning, the measurements
for some criteria can be estimated by experts. This is the with, for example, price. For other
criteria this is not possible, and simulation is requiredétermine the scores.

In the work by Tervonen et al. (2006), a realistic elevatanping problem of the above type
is considered. It consists of a 20-floor buiding for which @féd.0 possible elevator group con-
figurations has to be chosen. The alternative configurati@re analyzed using the KONE (one
of worlds leading elevator manufacturers) Building Tra8ieulator. Based on the output of the
simulator, the criteria values for performance-relatateda could be defined with a multivariate
Gaussian distribution. The study presents an interestiptjcation of the SMAA methodology:
an area traditionally unconnected with MCDA is linked byngsiexternal simulation providing
parameters for the distribution to be used. In this type afrrrcially linked studies in which the
stakeholders are representatives of different compaihiegmportant that the interests of different
groups of stakeholders are identified, as well as are conipeosolutions. This was accomplished
with SMAA in this case.

7 The framework

We define the SMAA framework for deciding a method to choosa apecific decision making
context. The first question to ask is whether we are dealirty aviranking or sorting problem
statements. If we are dealing with sorting problem, the onbthod of SMAA family we can
use is SMAA-TRI. With ranking problems, we have to choosetipe of preference model we
have: whether it is based on weights or on reference poihtge have a weight-based model, we
have to choose the type of aggregation procedure: utilitygtue) function or outranking method.
With the reference point approach we have to choose wheth@ramt to use prospect theory (loss
aversion model) or achievement functions in the aggregatith all this information, we can
choose whether to apply SMAA-2, SMAA-3, SMAA-P, or Ref-SMA#r the ranking problem.
Depending on the method to apply, we obtain as output diffedescriptive measures that can
some be used to derive “second-order” aggregate measunessidg of the method is presented
as a decision-tree in Figure 7.

In the context of the framework, we should notice that alleotmethods than Ref-SMAA,
which is based on reference points, can be used with anpivaight information. This means
that we can apply them with no preference information aeallvell as with mixed information of
ordinal and cardinal types. In practice the most useful @megpatrtial) ordinal information and
cardinal weight constraints. Complex weight constrainigghtibe hard for the DMs to understand,
and therefore by using more complex distributions the |biggifor the information to contain
uncertainty increases. If the DMs have problems understgritie underlying preference model,
the achievement function based approach (Ref-SMAA) mightbre suitable.
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Problem

Ranking Sorting

statement?

Preference Weights or scaling Reference

model? factors points

Aggregation Utility or value Outranking Loss aversion Achievement

procedure? function procedure model function

Method SMAA-2 SMAA-3 SMAA-P Ref-SMAA SMAA-TRI
Descriptive (cross) Rank - Central Central Reference Category

- - Acceptability . . - -
measures confidence acceptability ndices weight reference acceptability acceptability
factors indices mndices vectors points indices indices

Aggregate Holistic Kbr acceptability
measures acceptability indices indices

Figure 7: Decision-tree for choosing the SMAA variant.

The shortcoming of the utility-function based approach £WR) is that the scaling has large
effect on the results, and the meaning of the weights is basede scale. Therefore, if the shape
of the utility function is hard to define, it might be more stite to use SMAA-3 instead.

Arbitrarily distributed imprecise or uncertain criteriarc be applied in all methods of the
family except SMAA-3, that requires criteria measuremeatbave imprecision defined by the
thresholds. It should be noted, that SMAA-O is not a stawt@lmethod, but rather a compu-
tational technique for handling ordinal criteria measugats. The possibility of using external
sampling and the following generalisation to use SMAA witteenal methods can be considered
a great advantage. For example, the approach applied in SWRI can probably be applied to
other methods as well, to use them with ignorance on the peiemalues in order to analyze the
stability of the results.
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One of the unsolved questions in SMAA is how to obtain aggesfymeasures based on the
rank acceptability indices. The holistic acceptabilitdizes can be used for this purpose, but they
require meta-weights to be defined. This is an artificial ephevith no connection to a cognitive
decision-making process, and therefore their use is hajdstdy. It might be, that to obtain
more easily interpretable measures, we need to make modaeés complex. This would mean
adding more parameters or using a more complex preferendelmBut on the other hand, the
complexity introduced in this way brings new sources of rgmge. More research should be put
on this subiject.

8 Conclusions

SMAA is a recent methodology providing a general framewdrét thas extensions to handle
various specifities in multiple criteria decision aidingplems. In this paper, we presented the
two basic methods, SMAA and SMAA-2, and the most importat¢msions of the methodology.
The SMAA framework derived from these methods allows theisi@c analyst to choose the
specific model to apply depending on the characteristichkeptoblem.

The SMAA framework allows to use methodology in a broad raoiggecision making con-
texts. Nevertheless, there exists unsolved questionsndst important being if we can develop
aggregate measures that would help further in the decisainm process. The holistic accept-
ability index is such, but its applicability in practice is@gtionable. Therefore, future research
on the methodology should address this area. Other crueid s a user-friendly and com-
putationally efficient software implementing the methadpl There is currently available an
open-source implementation of the basic methodology (leyadithe authors, downloadable from
http://monet.fe.uc.pt/thesessoftware/), but it lacksaphical user interface. As the principles of
SMAA are quite simple though the equations for computingdéscriptive measures look com-
plicated, we believe that a software with a graphical useriace would allow the methodology
to be applied in every-day decision-aiding problems by sidess adapted to the techniques of
numerical computation.

Acknowledgements

The work of Tommi Tervonen was supported by grants from Tiflimpistosaatio and the Finnish
Cultural Foundation. The work of José Figueira was paytslipported by a research grant from
CEG-IST.

References

Bana e Costa, C. A., 1986. A multicriteria decision aid mdtiogy to deal with conflicting
situations on the weights. European Journal of OperatiBeakarch 26, 22—-34.

24



Bana e Costa, C. A., 1988. A methodology for sensitivity gsialin three-criteria problems: A
case study in municipal management. European Journal ab@meal Research 33, 159-173.

Belton, V., Stewart, T. J., 2002. Multiple Criteria Decisidnalysis - An Integrated Approach.
Kluwer Academic Publishers, Dordrecht.

Charnetski, J., 1973. The multiple attribute problem widintial information: The expected value
and comparative hypervolume methods. Ph.D. thesis, Wsityasf Texas at Austin.

Charnetski, J., Soland, R., 1978. Multiple-attribute dieci making with partial information: The
comparative hypervolume criterion. Naval Research Lagisuarterly 25, 279-288.

David, H. A., 1970. Order Statistics. Wiley and Sons, Newkvor

Durbach, 1., 2006. A simulation-based test of stochastittioniteria acceptability analysis using
achievement functions. European Journal of Operationsé&eh 170 (3), 923-934.

Figueira, J., Greco, S., Ehrgott, M. (Eds.), 2005. Multipléteria Decision Analysis: State of the
Art Surveys. Springer Science+Business Media, Inc., Nevk.Yo

Hokkanen, J., Lahdelma, R., Miettinen, K., Salminen, PA8LDetermining the implementation
order of a general plan by using a multicriteria method. dalupf Multi-Criteria Decision
Analysis 7 (5), 273-284.

Hokkanen, J., Lahdelma, R., Salminen, P., 1999. A multipteria decision model for analyz-
ing and choosing among different development patternshi@itelsinki cargo harbor. Socio-
Economic Planning Sciences 33, 1-23.

Hokkanen, J., Lahdelma, R., Salminen, P., 2000. Multigatdecision support in a technology
competition for cleaning polluted soil in Helsinki. Jourmd Environmental Management 60,
339-348.

Kangas, J., Hokkanen, J., Kangas, A., Lahdelma, R., Saimife 2003a. Applying stochastic
multicriteria acceptability analysis to forest ecosyst@@mnagement with both cardinal and or-
dinal criteria. Forest Science 49 (6), 928-937.

Kangas, J., Kangas, A., 2003. Multicriteria approval andA&MO method in natural resources
decision analysis with both ordinal and cardinal critedaurnal of Multi-Criteria Decision
Analysis 12, 3-15.

Kangas, J., Kurttila, M., Kajanus, M., Kangas, A., 2003balaating the management strategies of
a forestland estate — the S-O-S approach. Journal of Emgotal Management 69, 349-358.

Kangas, J., Store, R., Kangas, A., 2005. Socioecologicalsizape planning approach and mul-
ticriteria acceptability analysis in multiple-purposedst management. Forest Policy and Eco-
nomics 7, 603—-614.

25



Lahdelma, R., Hokkanen, J., Salminen, P., 1998. SMAA — stsiit multiobjective acceptability
analysis. European Journal of Operational Research 106,143.

Lahdelma, R., Makkonen, S., Salminen, P., 2004. Treatiqemgent uncertainties in multi-
criteria decision problems. In: Rao, M. R., Puri, M. C. (Bd®perational Research and Its
Applications: Recent Trends. Vol. Il. New Delhi, pp. 427443

Lahdelma, R., Makkonen, S., Salminen, P., 2006. Multitartaaussian criteria in SMAA. Euro-
pean Journal of Operational Research 170 (3), 957-970.

Lahdelma, R., Miettinen, K., Salminen, P., 2003. Ordindtlecia in stochastic multicriteria ac-
ceptability analysis (SMAA). European Journal of OpenadiloResearch 147, 117-127.

Lahdelma, R., Miettinen, K., Salminen, P., 2005. Refergmmat approach for multiple decision
makers. European Journal of Operational Research 164853),781.

Lahdelma, R., Salminen, P., 2001. SMAA-2: Stochastic roféria acceptability analysis for
group decision making. Operations Research 49 (3), 444-454

Lahdelma, R., Salminen, P., 2002. Pseudo-criteria vensearl utility function in stochastic multi-
criteria acceptability analysis. European Journal of @penal Research 14, 454—-4609.

Lahdelma, R., Salminen, P., 2003. Loss aversion in SMAA.hTd&Rep. 269, University of
Jyvaskyla, School of Business and Economics.

Lahdelma, R., Salminen, P., 2006a. Classifying efficietrahtives in SMAA using cross confi-
dence factors. European Journal of Operational Reseafrfil},7228—-240.

Lahdelma, R., Salminen, P., 2006b. Stochastic multi¢sitacceptability analysis using the data
envelopment model. European Journal of Operational Relsd&i0 (1), 241-252.

Lahdelma, R., Salminen, P., Hokkanen, J., 2002. Locatingastevtreatment facility by using
stochastic multicriteria acceptability analysis withioal criteria. European Journal of Opera-
tional Research 142, 345-356.

Leskinen, P., Kangas, A. S., Kangas, J., 2004. Rank-basettllimg of preferences in multi-
criteria decision making. European Journal of Operatiétedearch 158, 721-733.

Rietveld, P., 1980. Multiple Objective Decision Methodsld&egional Planning. North-Holland,
Amsterdam.

Rietveld, P., Ouwersloot, H., 1992. Ordinal data in muitgsia decision making, a stochastic
dominance approach to siting nuclear power plants. Europearnal of Operational Research
56, 249-262.

Roy, B., Bouyssou, D., 1993. Aide Multicritére a la Déois Méthodes et Cas. Economica, Paris.

26



Smets, P., 1991. Varieties of ignorance and the need forfauatided theories. Information Sci-
ences 57-58, 135-144.

Tervonen, T., Almeida-Dias, J., Figueira, J., Lahdelma, alminen, P., 2005. SMAA-
TRI: A parameter stability analysis method for ELECTRE TREsearch Report 6/2005 of

The Institute of Systems Engineering and Computers (INE®abra), Coimbra, Portugal,
http://www.inescc.pt.

Tervonen, T., Figueira, J., Lahdelma, R., Salminen, P.4208n inverse approach for ELECTRE
lll. Research Report 20/2004 of The Institute of Systemsifgeging and Computers (INESC-
Coimbra), Coimbra, Portugal, http://www.inescc.pt.

Tervonen, T., Figueira, J., Lahdelma, R., Salminen, P.4B0odelling MCDA group prefer-
ences for public human resource management: Evaluatirgutidegy of education at the depart-
ment of information technology, the University of Turku ifiéind). Research Report 22/2004

of The Institute of Systems Engineering and Computers (ISHE®imbra), Coimbra, Portugal,
http://www.inescc.pt.

Tervonen, T., Hakonen, H., Lahdelma, R., 2006. Elevatanrptey with Stochastic Multicriteria
Acceptability Analysis. Omega (conditionally accepted).

Tervonen, T., Lahdelma, R., 2006. Implementing Stochagtitticriteria Acceptability Analysis.
European Journal of Operational Research (to appear).

Tervonen, T., Lahdelma, R., Salminen, P., 2004c. A methoelfoitating and combining group
preferences for Stochastic Multicriteria Acceptabilitpalysis. Tech. Rep. 638, TUCS - Turku
Center for Computer Science, http://www.tucs.fi.

Yu, W., 1992. Aide multicritere a la décision dans le ede la problématique du tri : Concepts,
méthodes et applications. Ph.D. thesis, UniversitésHaauphine.

27



